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At a glance

What the paper contributes

The free field D of A = C[F;] is built in stages: E; inverts the nonzero elements of A, E,
those of E{, and so on. The stages never stabilise (Reutenauer; Herbera—Sanchez). The
paper works inside the single stage E,, where one restricts which elements are
inverted.

¢ A non-membership criterion (Theorem A = Theorem 3.4). If H ' has its entries in the ring
Uy generated by the inverses of a family X of full matrices, each atomic factor of H is stably
associated with an atomic factor of some Q € £ (Lemma 3.1). To refute that, it suffices that
one atomic factor of H be more singular than every Q at some evaluation, measured by an
invariant that does not grow on factors: Smith counts along an arc, the corank on a curve of
integral quaternions, the corank at a character. The allowed denominators may themselves be
singular there.

e Two hierarchies inside E,, strict at every step (Theorem B). The rings U, generated by
inverses of sums of products of at most r inverse binomials: U, ; & U, with witness
(u72+v72+w72)71 for r = 2; their union is a proper subring of E,. The matrix-size chain A; ; N
E, € AjNE, for every d > 2. The two hierarchies are independent, and the size chain is
already strict inside U, (Corollary 7.10).

« Infinitely many stopping steps of the Dubrovin—Griiter—Hanke series inside E, (Theorem
C): for every k > 3 the stratum of sums of k elements of D, with explicit witnesses f. That
there are infinitely many stopping steps follows from Herbera—Sanchez, but no infinite family
had been located within a fixed stage. The rings reached at these steps form a strict chain

whose union is U,.

Main tools: Cohn's theory of firs, atoms and stable association, and of rational
closures; Smith normal forms over C[[t]] along an exact arc of 2x2 matrices; the free

group generated by 1+2i, 1+2j, 1+2k; a grading argument that gives an atom for every
k.

«” Start here: Theorem A: the non-membership criterion: one atomic factor against the
allowed denominators.

Main results:

e Theorem A: the non-membership criterion: one atomic factor against the allowed denominators
e Theorem B: the binomial hierarchy and the size chain are strict inside E

e Theorem C: every k[n] is a stopping step of the Dubrovin—Gréter—Hanke series

47 results .1 0 formalized in Lean ] | © 18 with a part in Lean

L) 22 checked by a program J ‘ written proof only ’ (a result can carry several tags)

& Map of the results (click a box to go to it)

Dependencies in the written proof: an arrow A — B means that this proof of B uses A. Every result rests on

its written proof; the tags record what was checked besides, and each statement's “Evidence & scope” block
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says how far. The colour of a box is its strongest tag, in the order above; the tags in the box give the rest.

Boxes with a thick border are the main results; click a box to read the statement.

", Setting (copied from the paper, §2.1)

P =C(z,y,z) C A= C[F3] C D, where D is the free field, the universal field of fractions
of Pandof A. Wewriteu =1+ z,v=1+yw=1+2E =A[s':0#4£s€ AJC D
and B2 = E1le ! : 0 # e € E1]. A binomialis £ =1 — Bh, h € F5\ {1}, B € C*. For

r > 0, F, is the span of the products agl; 'a; - - - £, a, with ¢ <, £; binomials and a; € A,
and U, = F1 [.7-',?1], the subring of D generated by E and the inverses of the nonzero
elements of F; Uy = UT U,. Ay is the subring of D generated by A and the entries of G !
for all full @ x a matrices G over A with a < b. A square matrix over a subring of D is full if
it is invertible over D.

1 Introduction

Theorem A. (Theorem 3.4) M p.2

Let ¥ be a family of full matrices over P and H a full square matrix over P with an
atomic factor G in a complete factorization. If for every QQ € % there is a monotone
invariant pg (Definition 3.3) with pug(G)>po(Q), then H ! does not have entries in
Us.

[} Classical and new: new, as far as the paper found: no use of Smith profiles along an arc,

nor of coranks of atoms at a representation where the allowed denominators are singular, to
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prove non-membership (§8.8). It rests on Lemma 3.1, which the paper does not claim (Remark
8.6); kernel dimensions already separate stable association classes [SV26].
L, Not used by another result of the paper.
Theorem B, [ B p.3

(i) Ur—1 C Uy for every T > 1; for r = 2 a witness is (u™2 +v 2 + w2) 1
(Theorems 5.1, 5.2). (ii) Aq_1 N Ey C Ag N Ey for everyd > 2, and |J, U, C E,

(Theorem 6.1).

[ Classical and new: the rings U_r have not been studied, to the paper's knowledge; nor the
strictness of the size chain inside E> for d > 3. The case d = 2, and the strictness of the chain

A_Db in E(b), follow from [HS15, Thm 4.6] by pivoting (§8.8). The separation of the whole
stages E(n) € E(n+1) is [Reu96], [HS15].

I, Not used by another result of the paper.
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Thm 7.2 ,
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Thm 5.2 (r 5‘1) =P strict ( C€); witness in colour
-=--- inclusion (C) only
[E 1=Uo=AINE> D binomial hierarchy U}
D size chains Ap, By, I's, T,

D D' (strata D}? inverted)

The subrings of D studied in this paper. A solid arrow is a strict inclusion, labelled by an
element of the larger ring that is not in the smaller one and by the result that proves it; a
dashed grey line is an inclusion not marked as strict; the dashed double arrow joins the
incomparable rings U and I'y (Theorems 6.1 and 7.2; more generally U, and I'y, are
incomparable for r,b > 2, Remark 8.2). The inclusion 'y C T, is witnessed by an element
of inversion height 3 (§8.8). Dashed boxes: the rings I';, which for b > 2 are not contained in
E5 (§8.8). The rings I', I'; and D’ are defined in §2.4.

Theorem C. | M p.3

For every k > 3, the stratum of sums of k elements of D is a stopping step of the
Dubrovin—Grdter—Hanke series of D for the monoid C* Fy of scalar multiples of group
elements, in Jakobs’ formulation [Jakl9, Def. 1.1.4]. Witnesses are w2 + v~ 2 + w2
fork=3and fr =u?+w?+ Zf;f yvu" 2y~ for k > 4 (Theorems 7.1, 7.3).

(2 Classical and new: infinitely many stopping steps follow from [HS15], but none had been
located within a fixed stage; the first stopping step (sums of two monomials) is implicit in
[Gra20, §4].

L, Not used by another result of the paper.
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2 Rings and notation

Lemma 2.1. (atom criterion) B p.6

Let N > landlet L = Ay + ), A;x; be an N x N monic pencil with A invertible.
Then L is full and not invertible, and L is an atom iff the matrices M; = AalAi (
1 < i < g) have no common invariant subspace other than 0 and k™.

[} Classical and new: classical: Cohn [Coh06, Thm 5.8.8], in the form of [HKV22, Rem.
2.6].

l, Used in: Lemma 5.7 (p. 18), Proposition 5.8 (p. 20), Lemma 6.2 (p. 22), Lemma 7.8 (p. 30), 7.12 (p. 34),
8.4 (p. 38)

Proof

L(0) = Ay is invertible, so L is full (§2.2(a)). A right monic matrix is not a unit
[Coh06, Lemma 5.8.1, p. 312]. For N = 1, [Coh06, Thm 5.8.8, p. 317] says that L is an
atom, and the subspace condition holds trivially. Let N>1. By [Coh06, Thm 5.8.8], L is
not an atom iff there are P, Q € GLy(k) and r, s>0 with » + s = N such that every
PA;Q(j=0,...,g) hasazeror x s block in the upper right corner.

 Given such P, Q, put W = @ span(e;+1,...,en) and
W' = P lspan(e,,1,...,en). Then AW C W' forall j. Since A, is injective
and dim W = dim W', we get AgW = W', hence M;W C AalW’ = W, with
0<dim W = s<N.

« Conversely, let W be invariant with 0<s = dim W <N. Take Q whose last s
columns span W, and P = Q' A;'. Then PA,Q = I and PA;,Q = Q' M;Q
maps span(er1, .. .,en) into itself, so the upper right  x s block vanishes for all
j. 0

Lemma 2.2. (the first strata) B p.7

1. For 1 < n<w, D, is the set of sums of at most n elements of D1, and D, = A.
2. The first Case 3 occurs at &' = w, with oy = 2, D,11 = AU D;l, and the

nonzero elements of D, L are the monomials and the unit multiples £~'m of inverse
binomials.

3. From w + 1 on, Case I applies up to the first index o at which the set is additively
closed, and D, = V7.

4.1f Dyi1D i1 gZ Vi, Case 2 applies at o with the multiset 2|w + 1], som = o + 1
and Dy = ViU D 1D 4.

5. Let k > 2 and suppose D;{j SZ D,Jrr(j_l) + Vi for 2 < j < k. Then the strata born
after w and before k|| are among the jlw| + x with 1 < j<k and x € N(o), each
contained in D;j + V1, no Case 2 or Case 3 occurs in between, and Dy = Dt k,

L, Used in: 5.9 (p. 21), Lemma 7.5 (p. 28), Corollary 7.10 (p. 32), 7.12 (p. 34)
Proof

(1) For n<w, D,, is not additively closed (it misses sums of n + 1 distinct monomials),
so Case 1 applies. For n<w, every multiset smaller than (n + 1)[1] involves only the
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ordinals 0 and 1, with at most n copies of 1, so its sum lies in Dy; and (n + 1)[1] gives
sums of n + 1 distinct monomials, which are not in D,,.

1.D, = Ais aring and D{l C D;. A sum ag + Bh of two monomials with g # h is
not a unit of A [Jak19, Thm 1.3.10], so D,;* ¢ A; and (ag + Bh) ' = £ (ag) ™!
with £ = 1+ a18g A,

2. Case 2 needs an additively closed set and Case 3 a ring. Sums of elements of D,

lie in V7, which is the additive closure of D11 (§2.1: m¢~'m/ is a unit multiple of
an inverse binomial). So the first additively closed set is V.

3.In N(o) the multisets below 2[w + 1] are those over {0, . ..,w} and the
[w + 1] + z with = over {0, ..., w}; any multiset containing an ordinal in
(w+ 1, 0] is larger. The corresponding products lie in A - (AU D,") - A C V4.

4. As long as Case 1 applies, the indices are taken in increasing order; every multiset
containing an ordinal born after w exceeds every multiset of N (7) [Jak19, p. 3],
and j[m] + £<(j + 1)[n]. The strata over N (o) lie in V1, 50 Djiz12 C D+ W,
(recall V; C D,). Before k[n] the current set lies in D5 =1 4 v, which by
hypothesis does not contain D;*; it is therefore not additively closed, so neither

Case 2 nor Case 3 can occur, and k[7] is eventually the least multiset with a new
sum. [

3 The criterion

Lemma 3.1. (matrix localization) =B p.8

Let R be a semifir with universal field of fractions D, and ¥ a set of full matrices over
R, each with a complete factorization (this holds for every X if R is fully atomic, for
instance a fir such as P or A). Let Us, C D be the subring generated by R and the
entries of @1, Q € X. If H is a full matrix over R and H ! has entries in Uy, then
every atomic factor of H is stably associated with an atomic factor of a complete
factorization of a single member QQ € X. Conversely, if H has a complete factorization
whose factors are all stably associated with atomic factors of members of X, then H 1
has entries in Us.

(2 Classical and new: not claimed: the analogue, for U X and without factor-completeness,
of Cohn's results on localization at factor-complete sets [Coh06, Thm 7.11.9] (Remark 8.6).

l, Used in: Theorem 3.4 (p. 9), Lemma 7.9 (p. 31), 7.12 (p. 34), 8.1 (p. 34), 8.4 (p. 38), 8.5 (p. 38), 8.6 (p. 39)
Proof

1. By (T3) the torsion submodules of M form a sublattice L(M) of the submodule
lattice, so L(M) is modular.

2.For L C L' in L(M), the quotient L'/ L is torsion by (T2). The interval [L, L'] has
no interior point exactly when L’/ L is 0 or Tor-simple: the torsion submodules of
L'/L are the L" /L with L" € [L, L], by (T2).

3. By the Schreier refinement theorem [Coh06, App. Thm A.3, p. 521], applied in the
modular lattice L(M) of torsion submodules (not in the lattice of all submodules),
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the chains 0 C N C M and (M) have refinements in L(M) whose intervals pair
off into projective intervals.

4. Projective intervals are isomorphic as lattices and give isomorphic quotient
modules [Coh06, p. 521]. A refinement of (M) only repeats terms, so its
nontrivial intervals are the [M;_y, M;].

5. Hence every nontrivial interval of the refinement of 0 C N C M has a Tor-simple
quotient isomorphic to some M;/M;_;. The part between 0 and IV is a C-filtration
of N.

6. The part between N and M isa chain N = Ly C --- C Ly = M. The L; /N are
torsion submodules of M /N with (L;/N)/(L;—1/N) = L;/L;_1, which gives a C
~filtration of M/ N.

7.1f M /N is Tor-simple, a C-filtration of it with distinct terms is 0 C M /N, so
M /N is isomorphic to a member of C. [J

Lemma 3.2. (cf. [Tho79]; we give a direct proof) B p. 11
Let j > 1.
1. (Factors.) If Y = G1FG4 with all matrices square of the same size, then
vi(F7) < vi(Y"), whether or not G|, G4 are singular.
2. (Upper interlacing.) If Y = ((I; u(;) with a bottom block of size m after
evaluation, then v;(Y') < v;(L) +m.
3. (Lower interlacing.) In the same situation, v;(L) —m < v;(Y).
4. (Chains.) If L is block upper triangular with diagonal blocks A4, . .., A, each

) q’
with det A; # 0 and largest part e;, then every part of L is at most e1 + - - - + e,

If L is block diagonal, its largest part is the largest over the blocks.
(2 Classical and new: cf. [Tho79]; the paper gives a direct proof.

l, Used in: 3.3 (p. 8), Lemma 4.4 (p. 13), Lemma 5.6 (p. 18)
Proof

(1) im(G1FG2) C im(G1F), so coker(G1F) is a quotient of coker Y; likewise

coker F'T is a quotient of coker(F TGI), and transposition does not change Smith
forms; a quotient does not increase u(t/ ! -). (2) coker Y maps onto coker[L w]| with
kernel generated by m elements, and coker[L w] is a quotient of coker L; over a
discrete valuation ring a submodule of an m-generated module is m-generated. (3)
coker[L w] = coker L/ imw and /1 (X/X') = /-1 X /()X N X') with

t7-1X N X' at most m-generated, so p(t/ 1 ) drops by at most m; then

coker Y — coker[L w]. (4) Since each A; is injective, coker L is an iterated extension
of the coker A, and ¢ "¢ kills it. [J

¢ Evidence & scope

« Program: nu_j does not increase on factors: 480 random pairs, with a control
(supplement CO1). scripts/auditoria_S23/s23_monotonia.py

Definition 3.3. = M p. 11
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A monotone invariant is a function p from square matrices over P to N U {co} such
that

1. uw(F & I) = p(F) for identity matrices I of every size, and u(MFN) = u(F) for
M, N invertible over P of the size of F;

2. u(F) < u(G1FG,) whenever F, Gy, G5 are square of the same size.

Examples.

« 1. For an arc (a unital ring homomorphism) v : P — M,,(C|[[¢]]) and j > 1,
wu(F) = v;(F7). Condition 1 holds because M7, N7 are invertible over C[[¢]]
and padding does not change v;; condition 2 is Lemma 3.2(1).

«  1.For a unital ring homomorphism © : P — M,,(K) into matrices over a field
(not necessarily commutative), u(F) = corank F'®. Condition 1 holds
because invertible matrices go to invertible matrices; condition 2 holds
because rank(XY Z) < rankY.

Neither example needs the arc or © to extend to D, or even to A. Example (b) is m
times the nullity of the Sylvester rank function F' — rank F'© /m, and every Sylvester
rank function with values in %Z gives a monotone invariant in the same way [Mal80],
[Sch85, Ch. 7]. Example (a) is a difference of two instances of (b): if

©;: P — M,,;(C) is the reduction of y modulo tJ followed by the regular
representation of C[t] /¢, then v;(F?) = corank F® — corank F®-!, because
multiplication by t* on C[t]/t/ has kernel of dimension min(}, 5), so

corank F'® = 3 min()\;, j). Its monotonicity is Lemma 3.2(1); it does not follow
from that of (b).

l, Used in: 8.5 (p. 38)
Theorem 3.4. | B p. 11

Let X be a family of full matrices over P and H a full square matrix over P with an
atomic factor G in a complete factorization. Suppose that for every QQ € X there is a
monotone invariant g with ug(G)>puo(Q). Then H ! does not have entries in Us.

4 Checked when this page was built: Criterion.lean compiles with Lean 4.35.0, no etrors, no sorry.
Axioms — not_inverselnU: propext, Classical.choice, Quot.sound.

Reproduce: Lean 4.35.0, Mathlib fOb4c8150aa0; in that Lean project, 1ake env lean Criterion.lean
(SHA-256 of the compiled file: b3acc608d6445b7e...; a source page on this site may show it with
comments edited, under its own hash).

L, Used in: Theorem 5.1 (p. 14), Theorem 5.2 (p. 16), Corollary 5.3 (p. 17), 5.9 (p. 21), Theorem 6.1 (p. 21),
Theorem 7.2 (p. 27), Theorem 7.3 (p. 27), Corollary 7.10 (p. 32), 7.11 (p. 33), 7.12 (p. 34), 8.1 (p. 34), 8.2 (p.
35), 8.3 (p. 37), 8.4 (p. 38)

Proof

Suppose that H ! has entries in Us. By Lemma 3.1 there are ) € ¥ and an atomic
factor of @) stably associated with G. In a complete factorization, Q = G1.AG with
A, G1, G5 square of the size of @ and A an atom stably associated with that factor,
hence with G [Coh06, Cor. 0.5.5]. Then ug(G) = pg(A) by condition 1, and
po(A) < po(Q) by condition 2, a contradiction. [
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Lemma 3.5. [ B p.13
U, =Us, with¥, = 35U {Bf : 0 # f € F.}, one border per f.

4 Checked when this page was built: Inverseldentities.lean compiles with Lean 4.35.0, no errors, no
sorry. Axioms — chain_inv_corner: propext, Classical.choice, Quot.sound.
Reproduce: Lean 4.35.0, Mathlib fOb4c8150aa0; in that Lean project, 1ake env lean
Inverseldentities.lean (SHA-256 of the compiled file: 3e2df75becd9213c...; a source page on this
site may show it with comments edited, under its own hash).
l, Used in: Theorem 5.1 (p. 14), Corollary 5.3 (p. 17), Theorem 6.1 (p. 21), 8.2 (p. 35)

Proof

U, C Us,: Uy, is aring containing E, and f 1, since —f ! is a corner entry of B]jl.
Us, C U,: the entries of B;l are polynomials in the entries of L' (whose entries lie in

E1,because £~ € E;y and a; € A), in f~! and in the entries of the inverse pivot, which
liein A. [J

¢ Evidence & scope
« Program: chain inverse and Schur(B_f) = -f with random non-commuting blocks, with
controls (supplement C02). scripts/auditoria_S12/s12_cadena_schur.py
Lemma 3.6. | B p.13

5 =Us with %y = %, U {By : M full over Vi, a < 2}, one lift per M.
L, Used in: 5.9 (p. 21), Theorem 7.2 (p. 27), Theorem 7.3 (p. 27)
Proof

By is full, because M is full and A is invertible over D. T, C U2’2: Uz’Z 2 Us, = Us;
the block of BK/_,I complementary to the triangular pivot is BK}, and the (1, 1) block of
BIT/} is M ! (Schur complement of A). Us, C I',: the entries of B]’V} are polynomials
in those of B]_Wl, of the inverse pivot (in A) and of elements of A, and

B M1 ~M1RA!
M NAIOMY A AOMIRA!

with A=t € M,,,(E;) C M,,(U;) and R, C over A. ]

4 Two evaluations

Lemma 4.1. (exact arc) B p. 14

trU; = 0, det U; = —te and U? = te I. In particular U;(t,t*)? = t*"11, and U,(t, t*)
has Smith parts (1, k).

4 Checked when this page was built: ExactArc.lean, ParabolicFamily.lean compiles with Lean 4.35.0,
no errors, no sorry. Axioms — exactArc_trace, exactArc_det, exactArc_sq, exactArc_sq pow,
exactArc eq conj: propext, Classical.choice, Quot.sound.

Reproduce: Lean 4.35.0, Mathlib f0b4c8150aa0; in that Lean project, 1ake env lean ExactArc.lean
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ParabolicFamily.lean (SHA-256 of the compiled file: 54b7df2415d380c4...; a source page on this

site may show it with comments edited, under its own hash).

l, Used in: Lemma 4.2 (p. 11), Lemma 4.3 (p. 12), Proposition 5.8 (p. 20), Lemma 7.8 (p. 30), Lemma 7.9 (p.
31)

Proof

Uy has zero trace, determinant —te and UZ = tel, and conjugation by K preserves all
three. The parts: every entry is divisible by ¢ (since k > 1), the (1, 2) entry is —¢, and
det = —t*1. O

-4 Figure

(b) solid k=2, dashed k=3: the three squares coincide

@ (a,p,@):a=Un, p=Un+ U2, q=Uin =Ux)/2 B
L4 O v ) k=3)
: U? (1) ;5 3 (k=2)
L2 4 - vz w?)
T === =0 02=0
* =
e}
/7 0 o L0
o
=
g
-1 q9 o
v
£
al
~~
)
* -2 =
8 =
0 N S
1 ) 0
a -2
p
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2
t
=0y Up(t,1?) = wis Uy (1,1%) cone a®+p?=¢* (detU=0)
vis Uy(t,1?) === dashed, each colour: £ =0, parabolic family, U>=0 a’+p?—q*=1; : the three points at =1

The exact arc. A traceless 2 x 2 matrix U is a point (a, p, q¢) with a = Uy,

p= (U2 +Us)/2,q= (Uiz — Us1)/2, and U? = (a? + p? — q?)I. (a) The images of

u, v, w for € = t? (solid) leave the cone a? + p? = ¢ of nilpotent matrices, on which the
parabolic family € = 0 lies (dashed); at each ¢ the three points lie on the same quadric

a® + p? — ¢® = 3, shown at t = 1 (stars). (b) The scalar X with U;(¢,t*)2 = I for k = 2,3
: the three curves coincide, A = t5*1 (Lemma 4.1). Live version, in 3D and for any k, in the
blueprint.

¢ Evidence & scope

« Program: U i(t,0) =1 - K" J K", trace, determinant and U 12, exactly (supplement
C03). scripts/smith_V1/t158 arco_exacto.py

Lemma 4.2. (scalar evaluation) B p.14
Let v = .

L If Fis ad x d matrix with entries in J", every entry of F7 is divisible by t"*+1) :
hence vy (1) (F7) = 2d.

2 1
2. Hg,% — ¢r(k+1) <<1 2) ® Iz). Its four parts all equal r(k + 1).
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L, Used in: Theorem 5.1 (p. 14), Corollary 5.3 (p. 17), 8.1 (p. 34)
Proof

2

(1) A monomial of J" is ay u?lal ---u? a, with a; € A; each u? evaluates to the central

scalar t**1T (Lemma 4.1) and each a; integrally. (2) Apply the same to U > whose

2 1
square is t"*t1 T; det (1 2) =3#0.0

Lemma 4.3. (binomials) B p. 14

Let £ = 1 — Bh be a binomial.

1. If Bx(h) # 1, then £ is invertible over C|[[t]|: no positive parts.
2. If L is exceptional, £7* has parts (1, k) for every k > 1.

3. Otherwise ey<oo, and for k>e, the parts of £7* equal those at € = 0, in particular
they are <k.

[ Checked when this page was built: ParabolicFamily.lean compiles with Lean 4.35.0, no errors, no
sorry. Axioms — trace prod_parabolic: propext, Classical.choice, Quot.sound.

Reproduce: Lean 4.35.0, Mathlib fO0b4c8150aa0; in that Lean project, lake env lean
ParabolicFamily.lean (SHA-256 of the compiled file: 70adc1a90a531fd1...; a source page on this

site may show it with comments edited, under its own hash).
L, Used in: Lemma 4.4 (p. 13), Proposition 5.8 (p. 20), 5.9 (p. 21), Lemma 7.7 (p. 29), 7.12 (p. 34), 8.1 (p. 34)

Proof

(DAtt=0,£— (1 - Bx(h))I.(2) Write £ = g(1 — Bz7)g " with §(—1)" = 1. For
n<Ousel— fz? = —Bm?(l — ﬂ—lxj_"), a unit times a binomial of the same kind; so
let n>0. The roots of 1 — SX ™ are simple, so 1 — X" = (1 + X)c(X) with

c(—1) # 0;since ] — —1I, ¢(z;)” and g are units, and the parts are those of u] = U;
namely (1, k) (Lemma 4.1). (3) After conjugation, which changes £ by a unit, write

h = a:?ll . 'a:;.qu cyclically reduced. If ¢ = 1, then Bx(h) = 1 makes £ exceptional, so

g > 2 and j;,1 # j; for all ¢, indices mod q. Write N = tE;5 and

N;j = KINK 7 =tcjrjwithc; = (1,5t)T and r; = (—jt,1). Then rocp, = (b — a)t,
Nj2 =0, and p,(z;)" = (=1)"(I + nN;) for n € Z. Expanding the product,

trpe(h) = x(0) Y ([T ni) tx T Vs

S ieS €S

over the subsets S = {i;< - - <i,,} of {1,...,q}, with the factors in increasing order.
Form > 1,

m m
(N, N ) =t [ ren = 2 [[Gi —di) (s = i0),
=1 =1

which vanishes for m = 1. Hence tr p;(h) is a polynomial in t? of degree q with

leading coefficient x(h) [, n; [[;(Jix1 — 4i) # O (trace law; compare [LU69] for two
parabolic generators). Since det p:(;) = 1, det(I — Bp:(h)) = 1 — Btr pi(h) + B2 is
a nonconstant polynomial, hence # 0, and e, <oo. Finally £ = £7|._y + O(t*), and a
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perturbation O(t*) of a matrix whose parts are all <k does not change them (
D + O(t*) = D(I + O(t))). O

¢ Evidence & scope

« Program: leading coefficient of tr rho_t(h) for 60 words, both signs (supplement C04).
scripts/auditoria_S12/s12_ traza.py

Lemma 4.4. (chain bound) M p.16

Let 0 # f € F, with border By and k>e(f). Then every part of L'* is at most gk, and

Vgk+1 (B’}k) <2

l, Used in: Theorem 5.1 (p. 14), Theorem 5.2 (p. 16), Corollary 5.3 (p. 17), 5.4 (p. 17), Proposition 5.8 (p. 20),
5.9 (p. 21), Theorem 7.2 (p. 27), 7.12 (p. 34), 8.1 (p. 34), 8.2 (p. 35)

Proof

Each chain C; has at most ¢ binomials on its diagonal, each with det # 0 on the arc and
largest part < k (Lemma 4.3). By Lemma 3.2(4) the parts of L” are at most gk, so
Vge+1(L7) = 0. The pivots z; of the lift evaluate to units, so B} and B} have the same

parts up to zeros. The border is one row and one column, i.e. m = 2 after evaluation,
and Lemma 3.2(2) gives vy 1 < 0+ 2. [

Lemma 4.5. (no binomial degenerates on ©) B p. 16

For every h € F3\ {1} and B € C*, det(I — Bh®) # 0in C(t). Hence every
binomial, and every element ag + Bh of A with two terms, is invertible at ©.

4 Checked when this page was built: QuaternionResidues.lean compiles with Lean 4.35.0, no errors, no
sorry. Axioms — res_mul res eq zero iff, prod res ne zero: propext, Classical.choice, Quot.sound.
Reproduce: Lean 4.35.0, Mathlib fOb4c8150aa0; in that Lean project, 1ake env lean
QuaternionResidues.lean (SHA-256 of the compiled file: 69a51a05a38ebe68...; a source page on

this site may show it with comments edited, under its own hash).

[ Classical and new: the freeness of the group generated by 1+2i, 1+2j, 142k is classical
[LPS88].

L, Used in: Theorem 6.1 (p. 21), Lemma 6.2 (p. 22), 8.1 (p. 34)
Proof

Entries of h® are regular at t = 0 and ¢ = 2, so evaluation there is a ring

homomorphism. If 3 # 1: at t = 0, h® = I and the determinant is (1 — 8)2 # 0. If

B =1:att =2, ©(x;) is the Lipschitz quaternion 1 4 2q; of norm 5, and

5(1 +2q;) ! =1 — 2q;. For a reduced word h of length |h| with n_ negative letters,

h®(2) = 5-"-1I with II a product of || elements of {1 + 2i,1 + 2j,1 + 2k}, so

Norm IT = 5/". Reduce modulo 5 through the ring homomorphism from the Lipschitz
0

order to M»(FF5) with i — diag(2,3), j — ( 1 0

M, = uqv], and Mo My = (v} up) uqv] vanishes exactly when b is the residue of the

) . The six residues have rank one,

conjugate 1 F 2q of a = 1 &+ 2q (a check of the 36 products; Appendix A.2, supplement
C05). A reduced word has no consecutive inverse pair, so II # 0 (mod 5). If
h®(2) = I,then I = 5" I,5%" = 5" |n| =2n_>1,s0n_ > 1andII=0,a
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contradiction. Finally, for a real quaternion ¢ # 1, det(I — q) = Norm(1 — ¢)>0. Two-
term elements are ag(1 + a~!Bg~th) with det ©(g) # 0. O

4 Figure
(a) ®att=2:wordsin 1 +2i,1+2j, 1 +2k (b) corank comparison
117186 reduced words, lengths 1-7: 12 4 FO—0:2d
3.0 1 '-'[ hO@2)=1I: 0: T1=0 (mod 5): o] A target F7 =0
- — — bound 2(d — 1) (Lemma 6.2(a))
“ — - =Fy (Fy:=
= 2.5 - . 10 O=F4-1( i P
— ——— O=Bs,G=F4_1+e; (1l —xy
=) sce® hdatand — S
= S O 8-
(’\T 2.0 4 f— s
A amu— - —
o —_— 3
SREE — 2 6
B —
= — -~
. - < 4
E 10 S
=) S
3
en 2 -
g 0.5 A
0.0 —‘— minimum over the length (exact) 0
’ T T T T T T T T T T T T
1 2 3 4 5 6 7 2 3 4 5 6
length |4l of the reduced word d (Theorem 6.1)

The quaternion curve ©. (a) For reduced words A of length at most 7 in z, y, z and their
inverses, the angle on S® between h®(2)/|h®(2)| and 1 (all words of length < 5; for lengths
6 and 7, the 200 words of smallest angle and a random sample of 3800), with the minimum
for each length taken over all 117 186 words; no word gives h®(2) = I and no product IT
vanishes modulo 5, as Lemma 4.5 proves for every length. (b) The corank at © over C(t) of
the target F; is 2d (Lemma 6.2(b)), while every Q € £(@ 1 has corank at most 2(d—1)
(Lemma 6.2(a)). Two sample denominators are shown: the lift of Fy4 (with Fy = P1),
which attains the bound, and the border of ﬁ‘d_l + e11(1 — zy) L. Live version, the words
appearing on S® length by length, in the blueprint.

¢ Evidence & scope

« Program: residues mod 5 (36 products) and 3008 random reduced words, with a
control (supplement C05). scripts/auditoria_S11/s11 al_cuaterniones.py

5 The binomial hierarchy (Theorem B(i))

Theorem 5.1. [ B p. 17

Lets =u2+v 2+ w2 Thens™' €U and s~ ¢ Uy = Eq[V] "], where
Vl =A —+ E AK_IA.

4 Checked when this page was built: Inverseldentities.lean compiles with Lean 4.35.0, no errors, no
sorry. Axioms — woodbury corner: propext, Classical.choice, Quot.sound.

Reproduce: Lean 4.35.0, Mathlib fOb4c8150aa0; in that Lean project, 1ake env lean
Inverseldentities.lean (SHA-256 of the compiled file: 3e2df75becd9213c...; a source page on this

site may show it with comments edited, under its own hash).

L, Used in: Theorem 5.2 (p. 16), Proposition 5.8 (p. 20), Theorem 7.1 (p. 25), Theorem 7.2 (p. 27), Corollary
7.10 (p. 32), 7.12 (p. 34), 8.1 (p. 34), 8.2 (p. 35)

Proof
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s€ Fobecauseu 2 =u"t-1-u"1sos™! €Uy Suppose stel. By §5.1 and
Lemma 3.5, H ! has entries in Uy, .- We check the hypothesis of Theorem 3.4 with

G = H = Hy and, for each @), g = vi+1 along vi (Example (a)), with k£ chosen after
Q (the case G = H, u = v; of Theorem 3.4).

« Hy is a full atom over P. 1tis Hs 5, an atom of C(u, v, w) = P by Lemma 5.7
below (the case n = 3, p = 2).

« Target. By Lemma 4.2(2) with r = 1, vp41 (H") = 4 for every k.

» Denominators. For Q = Qs or zj, vp11 < 2. For Q = Bf, 0# feVy=F,

choose k>e(f); Lemma 4.4 with ¢ = 1 gives vy, (B}') < 2.

Since 4>2, Theorem 3.4 gives H, ' ¢ M>(Us, ), a contradiction. (J

Figure 4 shows this comparison on computed examples, together with the corresponding
comparisons in the proofs of Theorems 5.2, 7.2 and 7.3.
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-4 Figure

(a) Thm 5.1: U1, arc ye, j=k+1 (b) Thm 5.2, r=3: U, y5. j=(r— Dk+1
4 | dettaeaasia e 10 4
— —
T =
A ) N g
v 3 margin e
g - 4vs <2 =1
s I3
(=9 (=
= £ 64
e 5 |
5 g '] .
margin
g 14 "é 4vs <2
= =}
£ £ 27
5y Ry
04 Lo x xe - ae e x x
04
T T L— T T T T T T T T T
2 4 6 8 10 12 14 2 4 6 8 10 12 14
level j level j
target Ho target O3
allowed: Sy=u""+v~'+w™! allowed: s=u=2 +v2 + w2
allowed: u? +v? 4+v2w™u? allowed: wu™ v u+ (1 —xy) ™' z2(1 =2y 407!
allowed: v+ (1 —xy)™ +x(1 =[x, y)'y bound on allowed denominators

allowed: u+(1—x*)"'v4w™!

-=X-= not allowed (contrast): border of s (in 72)
bound on allowed denominators

(c) Thm 7.2: 1"2, Yo, j=k+1 (d) Thm 7.3, k=6: l";,, Y6, j=k+1
[ e G —r— T oy C e em—e— =
: || margin
~ margin = H ‘ 10vs <8
Al S A 6vs <4 N ]
2] 2]
E £
o 4+ a,
= 5 61
R &
bS] b
= - 41
Qo 2 - |5}
=} =
: :
E 14 E 27
S <
04— & Wrvmirmiraieriy 04
T T T T T T T T T T T T T T
2 4 6 8 10 12 14 2 4 6 8 10 12 14
level j level j
target Fy, target Ip
allowed: By, M of Lemma 7.4, n' =3 (r=(1 —xy)") allowed: By, compression (Lemma 7.4), r= (1 —xy) !
allowed: H3(u?,v2, w?) (over A) allowed: By, compression, r=0

allowed: By, M=, (1—xy)™"; (1=[x,y])"'v, w?) bound on allowed denominators

bound on allowed denominators

Smith profiles on the exact arc: v; is the number of Smith parts > j (§3.2). In each panel the
target has more parts at the marked level j than any allowed denominator can have (orange
band: the bound of Lemma 4.4 in (a) and (b), of Lemma 7.7 in (¢) and (d)). The orange
curves are sample denominators, computed exactly over IF,[[t]] /tV for two primes; they
illustrate the bound and are not a maximum over Y. Curves are offset vertically by at most
0.25 for legibility; all values are integers. (a) Theorem 5.1: target Hy on ~4; the grey curve,
the border of s € F5, is not an allowed denominator for ;. (b) Theorem 5.2 with » = 3:
target Q3 on s, level (r — 1)k + 1 = 11; here the target has 4 parts, Lemma 5.6 guarantees
3. (c) Theorem 7.2: target Fy, on 6. (d) Theorem 7.3 with & = 6 on ~ye: the curve is Fj,
whose count at level k + 1 equals that of its atomic factor G4 (Lemma 7.9(d)). Live version,

each panel as a water level, in the blueprint.

¢ Evidence & scope

« Program: the Woodbury reductions of s*-1 and g_r*-1 (§5.1), with a control
(supplement C06). scripts/auditoria_S6/s6_woodbury.py

Theorem 5.2. [ B p. 17

Foreveryr > 1, Ur—1 C U,. For r > 3 an explicit witness is cp,?l, where @, € F;, is the
sum of five products of r inverses of u, v, w given in (5.1).
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l, Used in: 8.2 (p. 35)
Proof

Forr = 1:theelement S = u™! + v '+ w1 € V; = F, has S; ' ¢ E; = U,. This is
Theorem 3.4 with p the corank at x (Example (b), a homomorphism P — M (C); the
case G = H, p = corank of Theorem 3.4), with target Hs; = diag(v, w) + u117 (an
atom, Lemma 5.7(1) with n = 3, p = 1): at x, H3 1 vanishes and has corank 2, while
every @ € ¥ has corank < 1 there (the pivot T" of @), evaluates at x to an invertible
triangular matrix, since z; — —1, so QY is equivalent to I @ sX; and m;‘ = —1). For

r = 2: Theorem 5.1, since s € Fa. (The case r = 1 also follows from [HS15, Thm 4.6]
by two pivots; see §8.8.)

Forr > 3: ¢, € F,,s0 ¢, ' € U,. Suppose ¢! € U,_,. By Lemma 5.5 and Lemma
3.5, Q, ! has entries in Uy, ,. Apply Theorem 3.4 with G = H = Q. (a full atom,
Lemma 5.7(2)) and pug = v; along 7, j = (r — 1)k + 1: given Q € X,_4, choose

k> max(e(Q),r). Then v;(Q;*) > 3 by Lemma 5.6, while v;(Q”) < 2 by Lemma 4.4
(with ¢ = r — 1) or by the remark after it for () € ¥y. Contradiction. []

Corollary 5.3. ( B p. 17

Foreveryr > 1, g, = w4 ¥ satisfies g;l € Uz \ Uy.
l, Used in: 8.2 (p. 35)

Proof

gr € For (u?" is a product of 2r inverses of u), so g, ' € Us,. Suppose g, ! € U,. By
§5.1 and Lemma 3.5, H . 217, has entries in Uy, . Apply Theorem 3.4 with G = H = H3 s,

(an atom, Lemma 5.7(1)) and pg = v; along yx, j = vk + 1: for Q € X, choose
k>e(Q). By Lemma 4.2(2) all four parts of Hj% equal 7(k +1) > 7k + 1, s0 v; = 4,
while v;(Q") < 2 by Lemma 4.4 with ¢ = 7, or by the remark after it for Q € X,.
Contradiction. []

Remark 5.4. (computations) =B p. 18

Computed exactly (rational arithmetic, truncated series) on the parabolic arc with a
generic perturbation t* E; we say a border is excluded when its count at level k + 1 is at
most 2. The border of s is never excluded and its profile contains that of Hy; the control
(w?2+v2+w ) =u?T 1?2 with T = u? + v? + v?>w u? € Vi has the target

u? u? +w
(1,k,k+ 1,k + 1), only two at level k + 1 (on y;, this follows from
H* ~ diag(2c Iz, W + 5 1) with ¢ = th W = w and det(W + +I) = —c+ ‘jl—z
): as a target it would not exceed the bound on the allowed denominators, consistently

u? + v? u? . .
H. = , and the evaluated matrix H.* has the four parts

with its inverse lying in U;; a border with twelve exceptional binomials, commutators of
weight 2—4 that are trivial at y, and Engel words is not excluded for £k = 10 and is
excluded for k = 11,12, 14; here e(f) = 11 (the binomials 1 — [, [z, y|] and

1 — [[z,y], [z, z]] have parts (5,11) and (7,11) under p;), so the bound of Lemma 4.4
(proved on 7;) predicts exclusion for k£ > 12, and at k£ = 11 the exclusion is a fact of the
computation (supplement C07).
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L, Not used by another result of the paper.
¢ Evidence & scope

« Program: profiles on the parabolic arc; the hard border (supplement C07).
scripts/smith_V1/parabolico_duro.py

Lemma 5.5. ( B p.19

The Schur complement of L in Q is —py. Over A = C[F(u,v,w)], Q is associated
with I & (—,.). For every ringU D E1: . ' €U <— Q.1 € M(U).
l, Used in: Theorem 5.2 (p. 16)
Proof

L is triangular with letters (units of A) on the diagonal, and the inverse of the block of
chain 7 has (1,r) entry ET_} el I; block elimination gives the first two claims. The

block inverse of @, uses only L~ (entries are products of inverse letters, in E;), ¢, 1

and the entries of a, w, which lie in A. [
¢ Evidence & scope

« Program: phi 3, phi_4 generated from the design equal the printed ones; Schur(Q r) =
-phi_r (supplement C08). scripts/auditoria_S12/s12_fr_simbolico.py

Lemma 5.6. (target profile) B p.20

Letr > 3and k > r + 1, v = ~;. Each chain block of L7 has exactly one part
> (r — 1)k + 1. Hence v(,_1)r1 (L") = 5 and v(_1y,41(Q7) > 3.
L, Used in: Theorem 5.2 (p. 16), 8.1 (p. 34), 8.2 (p. 35)
Proof

A chain block is equivalent to I @ £7, - - - £] ;| (the —1’s are unit pivots). For r = 3 the
product is U? = t*"1U, with parts (k + 2,2k + 1). For 7 > 4 write

U; = t(a;b; — t" 1 Ey) with a; = (1,4t)T, b; = (it, —1), so bya, = (a — b)t. If the
letters of the product have indices %1, . . ., %, With %; # 441, its leading term is

tr ¢l [1,(é; — 4j41) @i b;,, whose (1, 2) entry has valuation exactly 2r — 1;
corrections have valuation > r + k — 1 > 2r. So the first invariant factor is > ! and,
as det U; = —t*+1, the second is t"(*+1)~(2r=1) Now

rk—r+1>(r—1)k+1 <= k>rand2r—1<(r—1)k+1; forr = 3,

2k +1 > 2k + 1>k + 2. Five chains give v(L”) = 5, and Lemma 3.2(3) with m = 2
gives > 3. [

Lemma 5.7. (atoms) B p.20

1. Forn>2andp > 1, Hypis an atom of C(uq, . .., up).
2. Forr >3, Q, is an atom of P = C(u, v, w).

&4 Checked when this page was built: ChainPencilConditions.lean compiles with Lean 4.35.0, no errors,
no sorry. Axioms — eightConditions, eightConditions: propext, Classical.choice, Quot.sound.
Reproduce: Lean 4.35.0, Mathlib f0b4c8150aa0; in that Lean project, lake env lean
ChainPencilConditions.lean (SHA-256 of the compiled file: e266df18e48e9700...; a source page

on this site may show it with comments edited, under its own hash).
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L, Used in: Theorem 5.2 (p. 16), Corollary 5.3 (p. 17), Proposition 5.8 (p. 20), 7.11 (p. 33), 8.1 (p. 34), 8.2 (p.
35)

Proof

Proofof (1). Let R = [1 | I, 1] € M(,_1)xn(C), with columns r; = 1 and r; = e; ;
fori > 2, and let U = diag(uy, ...,u,). Then H, , = RUPR". The matrix H,,, is full,
since Hy, p(1,...,1) = I + 117 has determinant n. It is not invertible, since it vanishes
at0(§2.2(a)). Put N = np — 1.

The pencil. Forp=1letL=H,; = R URT. For p > 2 take the vector
v = (vo,v1,...,Vp—1) Withvg € C™ ! and vy € C", and let L be the N x N block
matrix with

Ly =RU, Ly=1I,(k>1), Ly=-U(1<k<p-2), L,;9=-UR"

4 G >

and zero blocks elsewhere. The block 7" on the indices 1,...,p — 1is I — N, where N
is block strictly upper triangular with U on the block superdiagonal. So
T-'=3%,,., 1 N™ is polynomial, and (T )11 = UP~2. The Schur complement of
Tis —RUUP2(—URT) = H,,. By §2.2(b),(c) it suffices to prove that L is an atom.
Translation. Write L = Lg + >, u;L;. Substitute u; = 1 4 z;, an affine automorphism

(§2.2(d)). The new pencil has constant term K = L(1,...,1) and the same coefficients
L;. Its determinant is det K = det T'(1) - det(RR") = n # 0.

Rank-p factorization of the coefficients. For ¢ = (c1,...,c,) € CP let ¢;c be the vector
with block 0 equal to r;c1, block k£ equal to —ejcg+1 (1 < k < p—1). Let

T T T
wiv = (e; v1,...,€; Vp_1, 1; V9) € CP.

Then L; = ¢;3¢;. The map ¢; is injective, because its p components land in different

blocks and 7;, e; # 0. The map 3¢; is onto, for the same reason. For p = 1, ¢; = r; and

— T
”n; — Ti.

Monic. We have

> imL; = Y ime; = (3, span(r;)) & @, (3, span(e;)) = CV, because R has
rank n — 1. Next, (), ker L; = ), ker 3¢;: this forces v, = 0 for k > 1, and RTvy = 0,
so vg = 0. Hence the row and the column of coefficients have rank N.

The transfer matrices. Let 9; = K ~'4;, injective. To compute v = 9;¢, solve Kv = 1;c:
e blocks 1 < k < p—2give Vg1 = Vi + €iCk+1;
o block p — 1 gives vp,-1 = RTwy — e;cp;
« block 0 gives Rv; = r;c;.

Hence RR"vg = rjo witho = 17¢, and

ve=Geic—ey cn (1<k<p-1), G=R'(RR") 'R

m>k
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The matrix G is the orthogonal projector onto im RT = (ker R)*. Since ker R = (n)

withn = (1,—1,...,—1), we have G = I — nn' /n. Also r]Tvo = eJTGei o. Therefore
nin;
i = gii 11T — 8iNp,  gji = 6ij — #, (5.2)

where (N,), = 1 for m>k and 0 otherwise. In particular g;; = £1/n # 0 for i # j.
(Forp=1,N; = O and (5.2) reads j (RR") "'r; = g;i.)

Cyclicity. Let M = a117 — N, with @ € C. Then 1 is a cyclic vector for M, and 17 is
cyclic for M acting on row vectors from the right.

« Since Mz = —N,z + a(17z)1, induction gives
span{M™1},<4 = span{N}'1},,-, for every g.

« The vector N1 vanishes below position p — m and has entry 1 there. So these
vectors form a triangular basis.

« The row case is the same: 1TN;;1 vanishes at positions < m and equals 1 at
position m + 1.

No invariant subspace. Let A; = K "'L; = ¥,3¢;, and let W # 0 be invariant under all
A;. Put M; = 3;9; = giillT — Nj. Then A7*9; = 9;M™, and A;9; = gji'l9j11T for
J# i

1. Pick w € W'\ 0. By the monic condition some ¢ = 3¢;w # 0, and
Ajw =Y;ce W\DO.

2. Since ¢ # 0 and 17 is cyclic for M;, there is m with 8 = 1T M™c # 0. Fix j # i
(possible since n > 2). Then W > A;AT"Y;c = Aj9;M"c = g; 89,1, so
J;1eW.

3. Then AT'9;1 = ¢;M"1 € W for all m. Since 1 is cyclic for M, imdJ; C W.

4. For every | # j,9je1 € W by step 3, and A9 e1 = gi;01117ey = g1 € W.
So ¥;1 € W, and by step 3 imv¥; C W.

Hence W O ) ,im4¥; = K1 dimey = CY. By Lemma 2.1 the translated pencil is
an atom; so are L (§2.2(d)) and H,, , (§2.2(c)). U

¢ Evidence & scope

« Program: the eight rank conditions of the design, r = 3..40 (supplement C09).
scripts/smith_V1/verifica_T160.py

« Program: H n,p: epic and full coefficient algebra modulo two primes (supplement
C10). scripts/smith_V1/atomo_epic.py

Proposition 5.8. | B p.24

Let N >n >3, A= C[Fn|, ui = 1+ z;, and form E1, V1 over A. For
Sn - Zlén u;2 we have 37;1 e u2 and S;Ll g El [Vlil],

L, Used in: 5.9 (p. 21)
Proof

The proof of Theorem 5.1 applies with three changes.
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« The arc sends every letter to the exact arc, u; — U;_1(t, tk) fori=1,...,N;
Lemma 4.1, the trace law and Lemmas 4.3—4.4 hold verbatim for distinct indices.
(Sending the extra letters to —I does not work: 1 — [z, z1] then evaluates to 0.)

« The target is Hy, 2, with §5.1 read with w2 in place of v. Its 2(n — 1) parts all equal
k + 1, since det(117 + I,,_;) = n, against the bound 2 of Lemma 4.4.

« H,sisanatom of Py = C(x1,...,zn). The translated pencil of the proof of
Lemma 5.7(1) is a pencil over Py whose coefficients at z,, 1, ..., xy are zero.
Zero coefficients change neither the ranks of the row and the column of
coefficients nor the common invariant subspaces of the M. So Lemma 2.1 applies
over Py, and §2.2(b)—(d) give the claim as in Lemma 5.7(1). [

¢ Evidence & scope

« Program: N-axis arc, 80 random borders, margin 2(n-2), with controls (supplement
C11). scripts/auditoria_S27/s27_n_ejes.py

Remark 5.9. (beyond U/;) B p.24

In the setting of Proposition 5.8, with I', and D’ formed over A = C[Fy] (§2.4, §7.2),
st ¢TI, for3 <mn < Nj;inparticular s;* ¢ T, O D' for N > 4. The proof is that
of Theorem 7.2 (§7.5) with H,, » in place of Fy. If s,,! € '}, _,, Woodbury with

A, = diag(u?, ..., u?) gives Hn_; = A - A ITA € My 1 (Usy ) (851,
and Lemma 3.6 with a = n — 2, §7.2). H, 2 is a full atom of Py and its 2(n — 1) parts
at 7y, all equal k + 1 (proof of Proposition 5.8). For @ € X!, and k>e(Q),

Vir1(Q) < 2(n — 2) (< 2 for @, x; and the borders of Ui by Lemma 4.4 and the
remark after it, < 2(n — 2) for Bj; by Lemma 7.7; their proofs use only Lemma 4.3,
which holds on the arc with IV axes), and Theorem 3.4 gives a contradiction. For n = 3
this is Proposition 5.8, since I} = U;. Finally D' C T"}, by Lemma 7.6, whose proof
uses only that each element of D, = V; U D, 1D, (read as a set, as after

Lemma 7.4) lies in V7 or is pure. We do not claim here that n[r| is a stopping step of the
series over C[Fy| for n > 4; that would need Lemmas 2.2, 7.4 and 7.5 over Fly.

L, Not used by another result of the paper.

6 The size chain (Theorem B(ii))

Theorem 6.1. | M p.25
Foreveryd > 2, pg € Aa N B3 and pg & Wq-1. Consequently

LU =W N Ey C Ey awitness is py = (pl - cpz’lc) 1 yith
pi =&+ G+ 1)1 — (4 2)¢2 the diagonal entries of Fy;
22A0-1NEy C AgN Eyand Bg—1 C Bg for every d > 2, and |J, By = Eos.

&4 Checked when this page was built: Inverseldentities.lean compiles with Lean 4.35.0, no errors, no
sorry. Axioms — cycle_inv, cycleMatrix_inv: propext, Classical.choice, Quot.sound.

Reproduce: Lean 4.35.0, Mathlib f0b4c8150aa0; in that Lean project, lake env lean
Inverseldentities.lean (SHA-256 of the compiled file: 3e2df75becd9213c...; a source page on this

site may show it with comments edited, under its own hash).

L, Used in: Theorem 7.2 (p. 27), 8.2 (p. 35), 8.4 (p. 38)
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Proof

Fix d > 2. F;is a full d x d matrix over A (proof of (6.1)), so pg € A,. By (6.2),
o€ Eiando # 0,50 pg =0 ' € Es.

Suppose pqg € Wy—1. Since E; C W1 C W41 and Td_1 has entries in E1, (6.2) gives
F’d_l € My(Wy_ 1) = My(Ugu-y)- Apply Theorem 3.4 with G = H = F; (a full atom,
Lemma 6.2(c)), ¥ = %4 and, for every @, pg the corank at © (Example (b) with

K = C(t); the case G = H, 1 = corank of Theorem 3.4):

corank ﬁ‘d@ = 2d>2(d — 1) > corank Q® for every Q € X(4-1) (Lemma 6.2(a),(b)).
This is a contradiction, so pg ¢ Wy_1. (Figure 3(b) shows both sides of this comparison
ford < 6.)

The consequences: Ag—1 € Wy-1,50 pg € (Ag N E2) \ Agq-1and pg € Bq \ Bg-1. For

d=2,W1NEs=Usx (§2.1),50 p2 € Ez \ Uso. Finally | J, By = E>: a nonzero

e € E; has a representation e = v — uM ~!v with M full over A [Coh06, Thm

7.1.2(d)], with X the full matrices over A, since the 3-rational closure of A is a subfield
M

of D containing A, hence all of D; then N = < v) is full over A of some order n
u v

ande ! = (N 1),, € A, C W,; Es is generated by E; and such inverses, and the W}

increase. [

The strictness of the chain Ay alone does not need Lemma 4.5: with E(b) = Yo U {lifts
of full @ X a matrices over A, a < b} one has 4, = Uy (as in Lemma 3.5), and the
A

lifts carry only the pivots z;, which are invertible at ©, so their corank is at most 2a
directly. Lemma 4.5, whose proof amounts to the freeness of the group generated by
1+ 2i,1+ 2j,1 + 2k modulo scalars, is needed only for Wy, that is, for U, C E, and
for B4—1 € Bg. For the witnesses f, the character x already suffices (Remark 7.11); it

does not detect pg, since ﬁ’j = 8C, is invertible.

¢ Evidence & scope

« Program: the formula for rho_d, the orientation of the cycle, F_d vanishes on Theta
(supplement C12). scripts/smith_V1/verifica_T162.py

Lemma 6.2. (| B p.25

(a) For Q € £, corank Q® < 2b. (b) Fd@ = 0, so corank ﬁ’d@ = 2d; likewise
(FON® =0 for every \. (c) For d > 2, Fy is a full atom over P; for
AeT :=C\{-1,0,1,2}, FW is a full atom over P.
4 Checked when this page was built: SizeChainPencil.lean compiles with Lean 4.35.0, no errors, no
sorry. Axioms — adjoin_cyc diagD eq top, det matE ne zero: propext, Classical.choice, Quot.sound.
Reproduce: Lean 4.35.0, Mathlib fO0b4c8150aa0; in that Lean project, lake env lean
SizeChainPencil.lean (SHA-256 of the compiled file: ©3090e8da8ae426b...; a source page on this
site may show it with comments edited, under its own hash).
l, Used in: Theorem 6.1 (p. 21), 8.1 (p. 34), 8.4 (p. 38), 8.5 (p. 38)
Proof
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(a) For Qs (s € A) the pivot block is triangular with ©(x;) on the diagonal, invertible,
so corank Q9 = corank s® < 2, also when s® = 0 (e.g. s = ¢). ©(;) has corank 0. In
Bg the triangular pivot evaluates to an invertible matrix (©(z;) on its diagonal), and its
Schur complement is B, since © is a ring homomorphism on A. In Bg the block L®
is block upper triangular with the 2 x 2 blocks £° on the diagonal, invertible by
Lemma 4.5. Taking Schur complements does not change the corank, so corank Bg is
the corank of a 2a x 2a matrix over C(t), at most 2a < 2b. (No element of Ry is
evaluated at ©; only the polynomial matrix B is.)

1.gP =—t?(1+ (A —1)— A)I =0and c® = 0.

2. We prove a slightly more general statement.
Claim. Let C, D € My(C) satisfy:

« (HI1) C and D have no common invariant subspace other than 0 and C%;

e (H2) D is invertible;

e (H3) E:= D — I — C?is invertible.
Then F = (€2 — n?)I + (n? — ¢?)D + ¢C, with ¢ = &n + ¢, is a full atom of
P =C({n,().
Proof. Let L = Ay + {A: +nA, + (A¢ be the 4d x 4d pencil:

0 €&+nC ¢C+nD-1) —(D

I —¢I I 0 0
= 0 I 0
—(I 0 0 I

Its lower right block is I34, and the Schur complement is

(T +nC)E+ ((C +n(D —I))np—¢D¢ = €21 +cC +n*(D — 1) — ¢(D = F.So LL
is stably associated with F' (§2.2(b)). F is full, because F'(1,0,0) = I, and not
invertible, because F'(0) = 0.

Monic. Write vectors as (vo, v1, v2,v3) in blocks of size d. For a row f:

fAEZ(_flaanfOC7O)7 fAn:(_fZafOCva(D_I)’O)a fACZ(_f3a07Oa_f(
<4 G »

If all three vanish, then f = 0. For a column v:

Av = (vy + Cvg, —2(,0,0), A, v = (Cvy + (D —1I)v,,0,—20,0), Acv=(—Du

4 G >

If all three vanish, then vy = 0, v; = —Cvy, Evy = 0 and Dvs = 0, so v = 0 by (H2),
(H3).

Normalization. Substitute £ = 1 + £ (§2.2(d)). The constant term becomes
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0 I C 0

K =1L(1,0,0) = N é 3 g ) K (Y0, 91,92, ¥3) = (Yo — 41 — Oy, Yo
0 0 0 I

x »

By Lemma 2.1 it suffices to show that M, = K 1A, (a = £, 1, () have no common
invariant subspace W # 0 other than C*?. Use the coordinates
z = (vg, v1 + Cvy, vy, v3), an invertible change. A direct computation gives

M¢z = (20 + 21, 21, 0, 0), M¢z = (—Dz3, —Dzs, 0, —zp),
Mz = (Czo + Cz1 + Ez3, Cz1 + Ez3, — 29, 0).

The polynomials P = 2M, — Mg and N = Mg — M¢ in M¢ act by Pz = (2o, 21,0, 0)
and Nz = (21,0, 0,0). Let By, be the k-th block subspace.
1. W meets By. Let 0 £ z € W.
o Ifz; # 0, take Nz.
o Ifz; = 0 # 2, take Pz.
o If 29 = 21 = 0 # 2z, take NM, z = (Ez,,0,0,0), nonzero by (H3).
+ Otherwise take NM .z = (—Dz3,0,0,0), nonzero by (H2).
2.By CW.Let Wy ={a: (a,0,0,0) € W} # 0. On By we have
PM,(a,0,0,0) = (Ca,0,0,0) and
NMg(a, 0,0,0) = N(Da, Da,0,0) = (Da,0,0,0). So Wy is invariant under C'
and D, and W, = C? by (H1).
3. The other blocks. Let a € C°.
« M¢(a,0,0,0) = (0,0,0,—a) gives Bs C W.
+ My(a,0,0,0) = (Ca,0,—a,0), minus (Ca,0,0,0) € By, gives B, C W.

« M,(0,0,a,0) = (Ea, Ea,0,0), minus (Ea,0,0,0), gives (0, Ea,0,0) € W.

By (H3), By C W.
So W = C*. By Lemma 2.1 and §2.2(c),(d), F is an atom. (J

¢ Evidence & scope

Program: Schur complement of the 4d x 4d pencil and the criterion (supplement C13).
scripts/auditoria_S11/s11 a2 ad.py

Program: F_d atoms for d = 2, 3, 4: epic, algebra of dimension (4d)"2 (supplement
Cl14). scripts/auditoria_S16/s16_atomo_Fd.py

Program: coranks of borders at Theta: 0, 1, 2 (supplement C15).
scripts/auditoria_S10/s10_corango.py

Remark 6.3. (a candidate second witness for part (1)) B p. 27

An earlier route suggests a second witness. Let 8 € C be transcendental,
7/ =1+ z; + 0z, (indices mod 3) and gy = > ,(7,%) 2 € E;. We expect
g;l € E3 \ U but do not prove it; it is not used. The argument would be the same
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corank comparison (4>2) at the point X; = Aol + T, \g = —1/(1 + 0),

e
T; = (N; — ON; ;1 + 0°N; ) /(1 + 6°), N; = (2 ), where
it —it?
I+ X; +6X;11 = N; with N? = 0, so that the target H3 »(7{, 71, 74) vanishes; the

target is an atom because (g, 1, 3) — (73, 7/, 7,7) is affine with linear part of

determinant 1 + 3 # 0. The missing step is that no allowed binomial is identically
singular on the curve, det(I — Sh(X(t))) # 0 for all h # 1 and 8 # 0; the route
assumes 6 transcendental, and for 6 = 2, 1, % some binomials do become singular on
the curve. We prefer the integer witness ps.

4 Checked when this page was built: WeightedTrinomials.lean compiles with Lean 4.35.0, no errors, no
sorry. Axioms — weighted trinomial, N_sq: propext, Classical.choice, Quot.sound.

Reproduce: Lean 4.35.0, Mathlib fOb4c8150aa0; in that Lean project, 1ake env lean
WeightedTrinomials.lean (SHA-256 of the compiled file: 798b3d2a89739fff..; a source page on

this site may show it with comments edited, under its own hash).
L, Not used by another result of the paper.

Remark 6.4. (the symmetric curve fails) B p.28

With8 =1, i.e. Ti, =1+ z; + x;+1, the analogous argument breaks: on the whole
variety where 7, 7, 75 are nilpotent, the commutator o = [zy, yz| (a word with
exponent sum 0) is unipotent, so 1 — h degenerates. The reason is an identity in GL3: if
trX=trY =—1and Z =1+ X + Y satisfies Z2 = 0, then
(XY)(YX)(XY) Y (YX) =T+ (det X ! —detY 1)Z.If 1, 7], Ty evaluate to
nilpotent 2 x 2 matrices, then tr( + X; + X;+1) = 0 fori = 0,1, 2, so every

tr X; = —1, and the identity applies with X = X, Y = X (supplement C26).

&4 Checked when this page was built: Weighted Trinomials.lean compiles with Lean 4.35.0, no errors, no
sorry. Axioms — hidden_commutator: propext, Classical.choice, Quot.sound.

Reproduce: Lean 4.35.0, Mathlib f0b4c8150aa0; in that Lean project, 1ake env lean
WeightedTrinomials.lean (SHA-256 of the compiled file: 798b3d2a89739fff..; a source page on

this site may show it with comments edited, under its own hash).

L, Not used by another result of the paper.

7 The Dubrovin—Grater—Hanke series
(Theorem C)

Theorem 7.1. | B p.28

For every k > 3 the step byxx = k[r] is a stopping step of the series of §2.3, for D and
M = C* Fs in Jakobs’ formulation [Jakl9, Def. 1.1.4]. When the inversion pointer
reaches byxx, the ring built so far lies in T',_, N Ey; for k = 3 it is exactly

Uy = B[V Awitness is s =u2 +v 2 +w 2 fork =3, and

fr=u?+w?+ Zf:_lz yiu~2y " for k > 4 (3 below is a second witness for k = 4).
In particular infinitely many stopping steps occur while the ring built by the series is
still inside E,.

l, Used in: 8.3 (p. 37)
Proof
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D—l

Di*C E.O
-4 Figure

(a) ‘ stopping step bixx = klz] (proved, all k> 3)
| 2[ ] + x: no stopping step (Rem 8.3)

Let D, beasin Lemma 7.5. Fork = 3: s € D;rL?’ and 7! ¢ Uy = Dy (Theorem 5.1).
For k > 4: f;, € D% and fk’l ¢ T , 2 D, (Theorem 7.3); for k = 4 also ¢ € D4
and ¢! ¢ T, (Theorem 7.2). In each case the witness lies in no stratum born before
brxx, since its inverse would then be in D, ; so its complexity is cp = bixx,

bixx ¢_ D, and the Case 3 at which the pointer reaches brxx selects it. That Case 3
exists: otherwise every Case 3 would select an earlier stratum, and the union of the
series, which is D [Jak19, Def. 1.1.4], would lie in I"},_,, against fk_1 ¢ I, (or

s~1 ¢ U,). The ring reached after the step, D, [(D}* \ 0)71], still lies in E,, since

(k—D)[z] +x, x#0, k>4: not decided

o, 7w 2[xl,...  baxx baxx bsxx bexx bixx bsxx boxx bioxx brixx buxx
HH+ OO+ O+ HHPHHO+H OO+ >
1t >
— = = = = — = — = —
= <=
in U} = < = = = = = = = =
= = = = = = = = = =

order of strata in [Jak19, Def. 1.1.4]; every ring reached up to the steps shown lies in U3 (Cor 7.10(c))

(b) margin +2 at every k

(c) MeatAxe mod 65521 (not used in the proofs)

target (tex0): 4; 2(k— 1) -—- 4k-5 ”

bound (text): 2; 2(k— 2) 40 - . large composition factor e

computed v+ of Ho, Fr (k=06) ,/,

computed, max over sample denominators s //
 20- 5 35 h 4
= "‘; e
I3t oh e
g 16 - 8 30 s
O 'g e
2 = »
= 12 - 8 25 - ’
S = s
—_ o %
= 87 g 20 .

g *
o ,’
4- 15 1 #
’
7
10 ¢
0 T T T T T T T T T T T T T T T T T T
3 4 5 6 7 8 9 10 12 3 4 5 6 7 8 9 0 11 12

stratum k (byxx)

stratum k

The Dubrovin—Gréter—Hanke series inside Fs. (a) Order of the strata [Jak19, Def. 1.1.4]:
every byxx = k[x|, k > 3, is a stopping step (Theorem 7.1); the strata 2[x] + x are not
stopping steps, and the strata (k — 1)[x] + = with 2 # 0, k > 4, are not decided (Remark
8.3). (b) The margin behind each step: the target (Hy for k = 3; F};, for k > 4, with the count
of its atomic factor G,) has 2(k — 1) Smith parts at level k + 1 and every allowed
denominator at most 2(k — 2). Lines: values proved in the text; markers: exact computations
with k = 6, the lower marker being the maximum over sample denominators. (c) For

comparison only: the size of the large composition factor of the linear pencil of F}, computed

with MeatAxe modulo 65521, is 4k — 5; this is not used in the proofs, and absolute
irreducibility was confirmed only for £ = 6 and 12.

¢ Evidence & scope

« Program: lexicographic order of N(O), 8 checks with a control (supplement C19).
scripts/auditoria_S15/orden_N.py
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Theorem 7.2. [ B p.28

Letp=u2+v 2 +w2+yu2y L Theny ™! €Uy and =t ¢ T%. Since
D' CTyC I"2, this gives U1 C D' C Us. Moreover U, and T's are incomparable.
l, Used in: Theorem 7.1 (p. 25), 7.12 (p. 34)

Proof

u?=u"1-1-u"!andyu 2y ! has outer coefficients y,y ' € A, so 1) € Fo. By

Lemma 7.8, Fy is full, so Hy = Ay(I + A;llule) is full, and since I + ab" is
invertible iff 1 + bTa is, u21y # 0; hence 1! € U,. Also

yu 2y ! = (yuy ) Y(yuy ') ! with yuy ! = 1 + yzy ! a binomial, so v € D4
Suppose ¢! € I'y. Since Hy = Ay, + 1u’17 and ¢ = w2 + 1TA 11, Woodbury
gives Hy' = A, — A "1y 11TA P with At € M3(E)), and

F,' = diag(1,1,y ")H," € M3(T'y) = M3(Uy,) (Lemma 3.6). Apply Theorem 3.4
with G = H = Fy and pg = vy along 4 (the case G = H, p = v; of Theorem 3.4).
Given Q € X, choose k larger than e(Q): then v+1(Q") < 2 for Q = Q, or z; and
for the borders of U; (Lemma 4.4 with ¢ = 1), and < 4 for Q = B,; (Lemma 7.7).
Since Vk+1(F$k ) = 6 for every k (Lemma 7.8), this contradicts Theorem 3.4. Hence
Yl g Ty,

D' CTy C T, by Lemma7.6,s0 ¢ ! € Uy \ D’'. Each element of D lies in F2, so
D' CUy;ands =u2+v 2 +w 2 € D3 givess ! € D'\ U; by Theorem 5.1.
Finally ¥ ! € Uy C U, and ! € Ty, while py € T'y (ﬁ’Q is a full 2 X 2 matrix over 4
) and p2 € U (Theorem 6.1). Both rings lie in Fa: Uso C Eo (§2.1), and for a full

2 x 2 matrix over A a pivot (after a permutation if needed) leaves a Schur complement
in F1, so the entries of its inverse lie in Fs. []

Theorem 7.3. [ B p.28

Foreveryk>4, fr=u2+w?+ Zf:_f yiu~2y " is a sum of k elements of D, and
-1 /
A A
L, Used in: Theorem 7.1 (p. 25), Corollary 7.10 (p. 32), 7.12 (p. 34), 8.2 (p. 35)
Proof

Each summand of fj, is the inverse of the square of w or of a binomial

yiuy ' = 14+ ylzy ", so fr € DF N Fy, and fi # 0 (Lemma 7.9(a)). Suppose

fit €T}, Woodbury gives F} ' = diag(y ?) (At — A '1f 11TALY) with A
over E1, so kal has entries in T'},_, = Us: , (Lemma 3.6 for a = k — 2). Given

Q € X}, 5, choose k>e(Q); then v,11(Q7) < 2(k — 2) (Lemma 7.7, Lemma 4.4),
while v,41(G)*) = 2(k — 1) (Lemma 7.9(d)). Theorem 3.4, with G = G, H = F}; and
[ = V1 along ., gives a contradiction. []

Lemma 7.4. (compression at level k) = B p. 29

Letk >3 andlet0+# f € D"+ Viwithn <k—1. Then f ' € T}_,.

% Checked when this page was built: Inverseldentities.lean compiles with Lean 4.35.0, no errors, no

sorry. Axioms — compression_inv, three term_inv, one term_inv: propext, Classical.choice, Quot.sound.
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Reproduce: Lean 4.35.0, Mathlib f0b4c8150aa0; in that Lean project, lake env lean
Inverseldentities.lean (SHA-256 of the compiled file: 3e2df75becd9213c...; a source page on this
site may show it with comments edited, under its own hash).

L, Used in: Lemma 7.5 (p. 28), Lemma 7.6 (p. 29), Corollary 7.10 (p. 32), 7.11 (p. 33), 7.12 (p. 34), 8.3 (p. 37)
Proof

Write f = d;l 4.4 d;,l + r with n’ < n pure summands and r € V7 (§2.3; V1 is
closed under sums). If n’ < 2, then f =d;* +d,' +r,d;* +rorr, and

f1 =dy(dirdy + di + dy) dy, (1+dir)'dy or r

with dl’l“dg + d1 + dg, 1+ dl’l“ € Vl, SO fil c L{1 - I‘;cf2' Ifn' > 3, then k > 4. Put
Y =dirdy +d1 +ds € V7 and

Y dil],
M = ( . 1 -2 ) € Mn,_l(Vl).
—-17ﬂ_2(i2 (iuig(ci3,.. .,(in/)

The Schur complement of the diagonal block is ¥ + d1 (3,3 d[l)dg =difds # 0, s0
M is fulland f~! = d2(M_1)11d1, withn' —1<k—2.0

¢ Evidence & scope

o Program: f*-1=d 2 (M”"-1) 11d_1 for m =2..7, with controls (supplement C20).
scripts/auditoria_S17/s17 p2_compresion.py

Lemma 7.5. (the ring reached at k[r]) = B p.29

Let k > 3, and let D, be the ring built by the series when the inversion pointer reaches
brxx. Then D, is generated by Uy and the inverses of the nonzero elements of
D" +Vi,n<k—-1U CD,CT}, ,NEy andfork =3 D, =U.
L, Used in: Theorem 7.1 (p. 25), Corollary 7.10 (p. 32), 7.12 (p. 34)
Proof

By Lemma 2.2, every stratum born before k[r] is contained in A4, in V3, or in D" 4+ V;
with n < k — 1. By §2.3, at the Case 3 where the pointer reaches by xx the current ring
contains D ! for every earlier stratum +, whether v was a stopping step (its inverses
were adjoined there) or not (the pointer passed it at a Case 3 where its inverses already
lay in the ring); and between two Case 3 steps Cases 1 and 2 only add sums and
products. So D,, is generated by A and the inverses of the nonzero elements of all
earlier strata. Conversely, for n < k — 1 the elements of D™ + V; are the sums
indexed by the multiset n[7| + [o]<E[n]; since Case 1 selects the least multiset with a
new sum (Lemma 2.2(5)), they already lie in the set built before b, x x, so the inverses
of its nonzero elements lie in D,. These inverses lie in F1, in U3, or in T'},_, by
Lemma 7.4; and D,, contains A~! and Vl’l, since D, = A and D, = Vj are carlier
strata. This gives the first two claims, and the third because I"1 = U;. Finally U1 C E»
and D™ + V; C Ey, so the inverses of its nonzero elements lie in E,. (]

¢ Evidence & scope
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« Program: order of the strata: 6480 multisets, k = 4..8, with a control (supplement C21).
scripts/auditoria_S17/s17_p4_orden.py

Lemma 7.6. (D' CT,) B p.29
Let e € D be nonzero.
1Ilfe= dl_1 + d2_1 + dgl is a sum of three pure elements, then
dy +dy d;
H; = M (A) is full and
3 ( d d1+d3>€ 2(A) is full an
e ! =d; —(didy) Hy'(§) €Ty

2. Otherwise e ' € U;.

4 Checked when this page was built: Inverseldentities.lean compiles with Lean 4.35.0, no errors, no
sorry. Axioms — woodbury sum, three_term_inv: propext, Classical.choice, Quot.sound.

Reproduce: Lean 4.35.0, Mathlib fOb4c8150aa0; in that Lean project, lake env lean
Inverseldentities.lean (SHA-256 of the compiled file: 3e2df75becd9213c...; a source page on this

site may show it with comments edited, under its own hash).
L, Used in: Theorem 7.2 (p. 27)
Proof

(1) H3 = A +1d,17 with A = diag(d,, d3), and e = d;* + 1TA~11; Woodbury
gives the formula, and Hj is full iff 1 + d1(d, ' + d; ') = die # 0. (2) With two pure
summands and one in Vi, e = p" ' + ¢ +rande”! = ¢'(p'rq’ +p' + q') 'p’ with
p'rq' +p' + q' € Vi (Lemma 7.4); with one pure summand,

(d1+7)"t = (1 +dr) td with 1 + dr € V;; with none, e € V;. [J

¢ Evidence & scope

« Program: three-term inverse, Woodbury, intermediate strata, with controls (supplement
C16). scripts/auditoria_S16/s16_prop51_lemas6.py

Lemma 7.7. (the bound 2a) =B p. 29

Forevery j > 1, vj(B:) < 2a+ Y, v;(€2"). In particular vi1(B};) < 2a for
k>e(M).
l, Used in: Theorem 7.2 (p. 27), Theorem 7.3 (p. 27), 7.12 (p. 34)
Proof

Over R; = C[[t]]/#/, a square matrix N of size n satisfies v;(N) = n — p(im N), with
p the minimal number of generators. Let n = 2a + 2m be the size of B}, and pr the
projection onto the last 2m coordinates. Then pr(im Bjs) = im[—C A] D im A. An
image of a module needs no more generators, and neither does a submodule, viewing
Rj-modules as C|[t]]-modules with the same u (R; = C|[t]] /¢’ is not a principal ideal
domain, but C[[¢]] is), so u(im Bjs) > p(im A) and

vi(Bu) <2a+2m — p(imA) = 2a + vj(A) = 2a + >, vj(¢s). For k>e(M), every
27" has largest part at most k (Lemma 4.3: units, exceptional binomials with parts (1, k),
the others with parts <k), so v;,1(£1*) = 0. The pivots of the lift are units on the arc. []

¢ Evidence & scope
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« Program: the bound 2a on 588 presentations, k = 4..10, with controls (supplement
C17). scripts/auditoria_S14/s14 falsa.py

Lemma 7.8. [ M p.30

(a) Fy is a full atom over P. (b) For every k > 1,
F) =t ((Is + J3) ® Io) diag(I, I, Y) with Y =y, det Y = 1 — t***; hence all
Six parts ofFJk equal k + 1 and vy, (Flk) = 6.

4 Checked when this page was built: AtomCertificate.lean compiles with Lean 4.35.0, no errors, no
sorry. Axioms — Q2 _mul K, det Q2, Kv_identity, det matR, det matO: propext, Classical.choice,
Quot.sound.

Reproduce: Lean 4.35.0, Mathlib fO0b4c8150aa0; in that Lean project, lake env lean
AtomCertificate.lean (SHA-256 of the compiled file: 948997ae47b68a33..; a source page on this
site may show it with comments edited, under its own hash).

l, Used in: Theorem 7.2 (p. 27), Lemma 7.9 (p. 31), 8.1 (p. 34)
Proof
(b) u?,v?, w? s t*"1T (Lemma 4.1), central; det(I3 + J3) = 4; and
det(U—1I)=1—trU +detU =1 — tk*! for U = v, a unit of C[[t]].

1.Let Q = Qo + uQy + vQy + wQy be the 9 x 9 pencil with nonzero entries (row,

column, coefficient)

e Qo: (i,3,1) fori =4,...,9;
Qu.: (1,4,1),(2,4,1), (3,4,1),(3,7,-1), (4,1,-1), (4,2,-1), (4,3,1), (4,9,1)
5 (7’ 37 _1), (87 7) 1):
Qv: (17 57 1): (37 87 _1)9 (57 17 _1)9 (9, 3) 1)9
Qu: (2,6,1),(6,2,—-1).
Its block Q95 (rows and columns 4-9) is I + N with N2 = 0, so Q;zl =I—-Nis
polynomial, the Schur complement of @22 is exactly +Fy, and Q ~ Fy @ I over P.

The pencil is epic (the stacked coefficient matrices have rank 9 both ways). At
u=v=w=2 detQ(2,2,2) =256, and K; = 16 Q(2,2,2) *Q; (i = u,v,w) are
integer matrices. With r = (0,0, —1,0,0,0,—2,4,1)T and
£=(2,0,-2,0,2,0,0,3,0),

K2(K? - 12K, + 481) = 2048r¢, (7.1)
and, writing K, = K, K, - - - for a word w (left to right),

det[K,r] . =52,  det[tK,] _,=2%, (7.2)

€ cO

with R = (&, u, uu, vu, wu, uvuu, vuu, uvu, vou) and

0 = (9, u, w, uu, UV, Wu, Ww, uuy, uuv). By (7.1) the rank-one matrix rf is a
polynomial without constant term in K, so it lies in the algebra generated by the K;;
by (7.2) the vectors K r and the covectors £K,, form bases, so the products

K, (r€)K, span My. The translated pencil is monic with invertible constant term
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Q(2,2,2), and its normalized coefficients generate My, so it is an atom by Lemma 2.1;
the shift is an automorphism (§2.2(d)) and Q ~ Fy, @ I (§2.2(b),(c)), so Fy, is an atom.
Q(2,2,2) is invertible, so @, and with it Fy, is full (§2.2(a),(b)). O

¢ Evidence & scope

« Program: the 9 x 9 certificate: Schur = +F, det 256, (7.1), (7.2), in exact arithmetic
(supplement C18). scripts/auditoria_S16/s16_cert9.py

Lemma 7.9. [ B p.31

(a) fr is an atom of Ay. (b) F}, is full, and an atom over A,. (c) No atomic factor of F,
over P is stably associated with u or with w. (d) In a complete factorization of F}, over
P exactly one atomic factor Gy, is not stably associated with y, and

ver1(G)") = 2(k — 1) for every k > 1.

4 Checked when this page was built: BinomialSizeFamily.lean compiles with Lean 4.35.0, no errors, no
sorry. Axioms — det_scalar point, idemBlock isUnit: propext, Classical.choice, Quot.sound.

Reproduce: Lean 4.35.0, Mathlib fOb4c8150aa0; in that Lean project, 1ake env lean
BinomialSizeFamily.lean (SHA-256 of the compiled file: ©1db4f029c94cedf..; a source page on

this site may show it with comments edited, under its own hash).
L, Used in: Theorem 7.3 (p. 27), Corollary 7.10 (p. 32), 7.11 (p. 33), 8.1 (p. 34)

Proof

(a) Grade A, by the exponent of w and put T' = Y 1", y'u 2y ", so that

f' = wfirw = 1 + wTw has components in degrees 0 and 2 only. Let f' = gh. The
extreme components multiply, and the lowest ones give goh. = 1, 80 g, is a unit, i.e. a
scalar times a group element; replacing g, h by gg, !, g,h we may assume g, = h, = 1
in degree 0. The widths of g and h add up to 2. If one of them is 0, that factor is 1.
Otherwise g =1+ g1, h = 1+ hy with g1 + h; = 0 and g1h; = wTw, so

—g2 = wTw. For a bi-invariant order of the free group the leading word of a product is
the product of the leading words, so the leading word of wT'w, which is one of the
distinct reduced words W; = wy'u 2y ‘w, would be a square. But W; is cyclically
reduced, so a square root of it would be cyclically reduced and W; = hh as words; the
first letter of W; is w and the letter in position ¢ + 3 is w~!. Hence f’, which is not a
unit, is an atom, and so is f, = w1 flw L.

1. Over Ay, Ay, is invertible and Hy = Ap(I + ab’) witha = A,;ll, b’ =u217;
I + ab' is stably associated with 1 + bTa = u?f;,. Since diag(1,y,...,y™) and
u? are units of A, Fy, is stably associated with fi, # 0, hence full, and stable
association preserves atoms [Coh06, Cor. 0.5.5, Thm 3.2.3 and p. 195].

2. If an atomic factor were stably associated with u, then at any matrix point X where
u(X) is singular, that factor, and hence F},(X), would be singular (evaluate the
stable association and the factorization). Take n = m + 1,

u+— U = diag(0,1,...,1), w+— I and y — Y the cyclic permutation matrix, so
that the evaluations of u? and of y'u?y % are I — e;e] (i = 0,...,m). A vector v
in the kernel of Hy, gives, with s = (I — egeOT) YNV, vy = —8,V; = —§+ ci€;
with s L eq,...,e,, and (m + 2)s = ) _ c;e;; since ey, . . ., €,, is a basis, s = 0,

so Y cie; =0, ¢; = 0and v = 0 (no division is needed). So F}, is invertible at a
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point where w is singular. For w a scalar point suffices: atu =y = 1, w = 0,
F, = H;, = diag(0,1,...,1) + Jy_1, and subtracting its first row from the others
leaves the rows e],...,e] , so det Fy = 1.

3.Let F, = G1 - - - G5 be a complete factorization over P. Over a weakly finite ring
a product of square matrices is invertible only if every factor is: if XY is
invertible, X has the right inverse Y(XY) !, so X is invertible, and then so is Y.
By (b), F} is not invertible over Ay, so some G, is not. If another G;, were not
invertible over A, say i; >4, then Fj, = XY with X = G --- G;, and
Y = Gj,+1 -+ G, full and both non-invertible over A, against (b). So each G,
i # iy, is invertible over A, = Uy, ). By Lemma 3.1 with ¥ = {u, y,w} (atoms
of P, being of degree one), it is stably associated with u, y or w, and by (c) with y.
On the other hand, G, is not stably associated with y, since it would then be
invertible over A, (converse part of Lemma 3.1). On the arc, det y?* = 1 — ¢**1
(as in Lemma 7.8(b)), so ¥y, and by stable association every Gz" with @ # g, is
invertible over C[[t]]. Hence v,.,1(G}") = v 1(F)*). Each y'u?y~* evaluates to
t"H T (Lemma 4.1: u? — t*"'I is central), so
El =t (I + Jy_1) ® 1) diag(Y'?) with det(I + J) = k # 0, and all
2(k — 1) parts equal k + 1. [

¢ Evidence & scope

« Program: words W _i are not squares, root lemma, F_k stably associated with f k
(supplement C22). scripts/auditoria_S18/s18_ comprobaciones.py

« Program: F_k invertible where u (or w) is singular, k = 3..10 (supplement C23).
scripts/kXX_ todo_k/paso_C_puntos.py

Corollary 7.10. [ B p.32

(a) Foreveryd > 2andr > 1, Ag1 NU, C Ag NU,, a witness is eq = qd_1 with
ga=w!+ Zf;gl vuty~, and eq € (AqgNU1) \ Ag_1. The range r > 1 is optimal,
since Ay NUy = E for every d. (b) The bound of Lemma 7.4 is optimal: for n > 3
there is a sum f of n pure elements with f = ¢ T _,. (c) Let Dy, be the ring D, of
Lemma 7.5, reached when the inversion pointer reaches bypxx (it does, §7.7). Then

U =D3 CDy C D5 C -+ and | J, Dy = Us.

4 Checked when this page was built: BinomialSizeFamily.lean, PhiCompression.lean compiles with
Lean 4.35.0, no errors, no sorry. Axioms — rankOne mul_inv, rankOnelnv_mul, inv_q eq,

conj add mul pow, det scalar point, idemBlock isUnit, inv_mul conj: propext, Classical.choice,
Quot.sound.

Reproduce: Lean 4.35.0, Mathlib f0b4c8150aa0; in that Lean project, lake env lean
BinomialSizeFamily.lean PhiCompression.lean (SHA-256 of the compiled file:

01db4f029c94cedf..; a source page on this site may show it with comments edited, under its own hash).

(2} Classical and new: the refinement of the size chain inside U: has not been studied, to the

paper's knowledge (§8.8).

l, Used in: 7.11 (p. 33), 8.1 (p. 34), 8.2 (p. 35)
Proof
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(a) Letd > 2, A = diag(w,yuy %, ...,y* uy @), H= A+ uJ, and

L = Hdiag(1,y,...,y% 1) € My(P), whose entries are uy® + § y®u (w in place of
yPu for the first index). This is the construction of §7.6 with u, w in place of u?, w?, and
Lemma 7.9(a)—(c) and the first part of (d) hold for g; and L with the same proofs. In (a),
wgg = 1+ wT with T = 3% y'u~'y ™" has components in degrees 0 and 1 only, so
one of two factors has width 0, hence is a unit, and the argument with squares is not
needed. In (b), 1 + ulTA~11 = ug,. In (c), with n = d, the matrix U is idempotent, so
u and ©? have the same evaluation, and the two points give the same matrices as there.
Each summand of g4 is an inverse binomial (w™! = (1 + 2) %,

yiuly=t = (1 4+ yizy~) 1), 50 ¢4 € Vi, q4 # 0 by (a), and e4 € U; C U,. Woodbury
gives eq = u — wlTH 11y € Ay, since H is a full d x d matrix over A. Ifeg € Ag_1,
then H ' = A=t — A 11e,1TA™!, with A~ over E; = A;, and

L' = diag(y °)H ! have entries in A4 1. Every entry of L vanishes at y, and the
atomic factors of L other than the exceptional one, G, are stably associated with ,
which is invertible at x; so corank GX = d, while the matrices of Ef_l) have corank at
most d — 1 at x (Remark 7.11(i)). Theorem 3.4, with G, H = L and y the corank at y,
gives a contradiction. Finally A;NUy = A4 N E; = Eq,since E; = A; C Ay. (b) s
for n = 3 (Theorem 5.1, T} = U;) and f,, for n > 4 (Theorem 7.3). (c) Expanding the
coefficients into monomials, a term of an element of F5 with two inverse binomials is
moly 'maly Tme = (£ Pmomy) (€5 ' ma) with £ = molymgt, a product of two
elements of D1 (Lemma 2.2(2)); terms with fewer inverses lie in V1 C D,. With

D, C F, this gives Fo = |J,, D;". By Lemma 7.5, D}, € Dj.11 and Dy, C Uy, and

(Ui Dk contains E and the inverse of every nonzero element of F», so it is U>. Finally
s € D13 gives s71 € Dy \ D5 (Theorem 5.1), and for k > 4, f,, € D}* gives

f,;l € Dg+1 \ Dy, since D C T}, (Lemma 7.5 and Theorem 7.3). [J

¢ Evidence & scope

« Program: Woodbury for e d and H™', polynomial entries of L, det of L at the
idempotent and scalar points (d = 2..10), L vanishes at x, with controls.
scripts/V168/verifica_qd.py

« Program: the two Woodbury identities in exact rational arithmetic, d = 2..6, with a
control. scripts/V168/verifica_qd_exacta.py

Remark 7.11. (matrix size and number of binomial inverses) B p.33

Let sz(e) be the least b with e € Aj,.

1. For the chain A; alone the character x suffices. By §6.2, A, = Uy with
A

EE:) =X U {é : G full over A of size a < b}, G the polynomial lift with pivots

z;, and corank GX = corank GX < @ since ac;‘ = —1; also corank Qf < 1. Every
entry of F}, vanishes at x (uX = wX = 0), and the atomic factors of F}; other than
G, are stably associated with y, which is invertible at y (Lemma 7.9(d)); so
corank G} =k — 1. Fork > 4,if f, ' € Ay, then F, ' € M(A;_,) by
Woodbury (as in §7.6, with A]:I over F1 = Aj), and Theorem 3.4 with u the
corank at x gives a contradiction. Likewise H 5‘ = 0, with H an atom

(Lemma 5.7(1)), gives s ' & Ay, and H§f2r = 0, with H3 2, an atom, gives
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g, ' & Aj. So the exclusions fk_l Z Ap2,5 1 ¢ Arand g, ! ¢ Ay do not need the
arc either; the proof of Corollary 7.10(a) uses this argument.
2. Let bin(e) be the least r with e € U,., for e € U, (and bin(e) = oo otherwise). By
(i), §5.1 and Woodbury: sz(s 1) = sz(g;!) = 2, s2(f, ') =k — 1 (k > 4),
sz(eq) = d with bin(ey) = 1 (d > 2, Corollary 7.10(a)), sz(pg) = d (d > 2) and
sz(p, 1) = 5 for every » > 3 (Remark 8.2). The two complexities are independent:
.1 €U, \ U1 has size 5 for every r > 3, while eq € U \ Up has size d and
' L ¢ U, \ U, has size k — 1: neither of sz, bin is bounded in terms of the other,
and the size is unbounded already for bin = 1.
3.Forn>2anddy,...,d, € A\Owith f=3.d; " #0, f ' € A, 1: the
compression of Lemma 7.4 with » = 0 is a matrix over A. The size n — 1 is
attained for every n > 3 already by a sum of n inverse binomials, g,, 1
(Corollary 7.10(a)), and also by s for n = 3 and by f, for n > 4, although f itself
liesin A; = E;. Forn = 2, f ! = dy(d; + dy) 'd; is the parallel sum of
Anderson and Duffin [AD69]; we did not find the compression for general n, or its
optimality, stated. When the d; are non-units, pairwise totally coprime and
contained in a proper ideal ¢ with A /c weakly finite, f has depth n [Coh06, Prop.
7.7.8] (without the ideal this fails: (z + 1) — (z +2) ! = ((z + 1)(z + 2)) ),
a statement about f rather than about the size of the matrices needed for f 1.
4 Checked when this page was built: PhiCompression.lean compiles with Lean 4.35.0, no errors, no
sorry. Axioms — harmonic_compression_inv: propext, Classical.choice, Quot.sound.
Reproduce: Lean 4.35.0, Mathlib fO0b4c8150aa0; in that Lean project, lake env lean
PhiCompression.lean (SHA-256 of the compiled file: f5da776cad749a60..; a source page on this site

may show it with comments edited, under its own hash).

[} Classical and new: for n = 2 the compression is the parallel sum of Anderson and Duffin

[ADG69]; the paper did not find the compression for general n, or its optimality, stated.

l, Used in: 8.2 (p. 35)
Remark 7.12. (dependencies of Theorem 7.1) M p.33

The theorem rests on: the reading of [Jak19, Defs. 1.1.4-1.1.5] in §2.3 and Lemma 2.2,
including the order of the index monoid; Lemmas 7.4 and 7.5; Theorems 5.1 and 7.3
(Theorem 7.2 only for the second witness /), and through them the criterion

(Theorem 3.4), the localization lemma (Lemma 3.1), the binomials on the arc

(Lemma 4.3), the chain bound (Lemma 4.4), the bound 2a (Lemma 7.7) and the atom
criteria (Lemma 2.1, Lemma 7.9). Like the series, it is relative to M = C* F3 [Jak19,
Rem. 1.1.6]. It does not decide whether the intermediate strata (k — 1)[n] + = with

x # 0, k > 4, are stopping steps; for k = 3 they are not (Remark 8.3).

Figure 5 places these stopping steps in the order of the strata and shows the margin
behind each of them.

L, Not used by another result of the paper.

8 Remarks and open problems

Remark 8.1. (characteristic p) B p.35
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Over a field of characteristic p, (1 + z)? = 1+ 2P, sou 2 = uP (1 + 2P) ! € V,
since 1+ x? is a binomial. Hence s € V; and s ! € E1[V; ']: the witness of

Theorem 5.1 fails in characteristic p. Whether 41 C U holds in characteristic p is not
studied here. For this witness the first step that breaks is Lemma 4.3(2): the binomial
1+ 2P = (1 + z)? is exceptional but 1 + X? has a multiple root, so its parts on the arc
exceed k (indeed UP = ¢ +D®-D/2[J for odd p) and the chain bound of Lemma 4.4 is

lost. Characteristic 0, or the field C, is used at least at the following places:

2 1
o Lemma 4.2(2): det (1 2) = 3 (the consequence v = 4 survives by

Lemma 4.2(1));

« Lemma 4.3(2) (simple roots of 1 — X ™) and Lemma 4.3(3) (the factors [ [ n; and
11(jis1 — 7s) of the trace law; in characteristic 2 the exact arc also identifies u and
w);

+ Lemma 5.6: the differences i; — 7,1 = +1, £2;

« Lemma 5.7(1): g;; = £1/n and det K = n; Lemma 5.7(2): ¢,(1) = 5;

« Lemma 4.5: real quaternions at t = 2 and v/—1;

« Lemma 6.2(c): the distinct eigenvalues 3, . . ., d + 2 and the Neumann series;

« Lemma 7.8: det Q(2,2,2) = 256, the factor 16, (7.1), (7.2) and det(I3 + J3) = 4;

o Lemma 7.9(d): det(Ij—1 + Jx—1) = k, for all parts to equal k + 1 (if p | k, two
parts are infinite and the count v, . = 2(k — 1) survives, since v; counts infinite

parts; what is lost in characteristic p is the bound on the allowed denominators,
Lemmas 4.3—4.4).

By contrast, Lemma 3.1 holds over any field by its algebraic proof (§3.1), and the
proofs of Lemma 7.9(a)—(c) and of the first part of (d) (exactly one atomic factor of F},
not stably associated with y) use no division by an integer and no property of C, the free
group algebra A, having trivial units over any field. Computations modulo
p=2,3,5,7,11 for k = 4, 5, 6 agree; they are not used, and the tool that produced
them miscounts the one-dimensional factors. The same holds for the proof of

Corollary 7.10(a), whose other inputs are Theorem 3.4 and the presentation of A; in
§6.2; we have not restated §§2—3 over a general field.

L, Not used by another result of the paper.

Remark 8.2. (two parameters) B p.35

The hierarchy U, (number of inverse binomials) and the rings

I’y = U, [entries of inverses of full @ X a matrices over A, a < b| (matrix size) are
not nested: ¢! € Us \ T'z and ps € 'y \ U, and more generally, for all 7, b > 2, U, is
incomparable with ', I, and 4, N E, (fb;l2 € Uy \ T’} by Theorem 7.3, and

p2 € (A2 N E3) \ U by Theorem 6.1, with A, C T'y, C T'}); while

s~ € (U NT2) \ Uy by the identity s 1 = v — v?(H, ') 110% of §5.1. In the plane of
the rings U, N T} (§2.4) the rows r > 2 are strict (with 'y, as well, by the same
witnesses). Note I'} = U;. Forevery r > 2, s71 € (U, NT}) \ '} (Theorem 5.1). For
b>2andr > 2, f,}, € (U, NT}, ;)\ T} by Theorem 7.3, because f, 2 € F» and
foy =u? —w’1TH, L1 u? with Hy 5 a full (b+ 1) x (b + 1) matrix over A. So
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U NI, C U, NTY C - -, with union U,, since |J,T'y, O U, Ay = D [Mal84a, Thm 3].
The row 7 = 1 is constant, since I'] = U;; the chain A, N U, which is strict
(Corollary 7.10(a)), is not visible in this plane, since every I'; contains ;. In the
columns (b fixed) the inclusions are as follows. Since U; C I'y, U, N T} = U, for every

r>1,and Uy N I‘f, =FE ClU=U1N I‘Z for every b (Theorem 5.2, » = 1). For b > 2,

s ! separatesr = 1 from r = 2, and g, * € (Ua NT2) \ U, for every r» > 1 by
Corollary 5.3 and the identity of §5.1 for H3 5,; so no column b > 2 is eventually
constant. Forr > 3letd, = £;,---£;1 € P,sothat o, = > _ ard;lwr, and let

T ={0,1,3,4}, Dy = diag(d;) e, wr the column of the w, and a7 the row of the
ar, T € T. Since wa = 1 and a2 = w (§5.3), the matrix

D —wrd
Mr=< T T2>6M5(P)
aT w

has Schur complement w + > a.d; Yw,dy = @,d, with respect to D, so it is full
and o, 1 = do(M,1)55 € As. Pivoting on w instead leaves
S, =Drp + wTde’laT € M4(V1), which is full, and

1 =dow ! —dyw larS, lwrdyw! € T). By Theorem 5.2,
o1 € (U NTY) \ Up—1, so every column b > 4 is strict at every step (and every
column b > 5 with I'; in place of I'}). Whether i,y N Ty C U, NT', for r > 3 and

b € {2,3} is open.

The same witnesses separate sizes inside Eo. Up to permutations of rows and columns,
M, is the Schur complement in @, of the square block on the rows and columns of the
5(r — 1) entries —1 of the chains and of the entry wy = 1; that block is triangular with

diagonal +1, hence invertible over P, so M, is stably associated with ), and is an atom

(Lemma 5.7(2)). Every entry of M, is a product involving a letter, so M;* = 0 and
corank MX =5 NowI'y = Uy with ¥ = X; U Ef) (Lemma 3.5, §6.2), and if

@, 1 € Tythen M, € M5(T4) (block inverse with respect to D, whose inverse is
over E1). Apply Theorem 3.4 with target M, and g depending on @: for Q, z; and
the lifts in EE:), the corank at x, at most 4 (the pivots z; evaluate to —1) against 5; for
the borders of U1, V(y_1y541 on v, With k> max(e(Q), ), at most 2 (Lemma 4.4)
against at least 3 (Lemma 5.6; stable association preserves Smith profiles). Hence

o1 € (A5NTY) \ Ty forr > 3, and in particular ¢ 1 ¢ A4. SoT'y C T’ by elements
of inversion height two. Figure 6 shows the plane for r, b < 5 and places the witnesses
by exact matrix size and number of binomial inverses (Remark 7.11).

4 Checked when this page was built: ArrowMatrix.lean, PhiCompression.lean compiles with Lean
4.35.0, no errors, no sorry. Axioms — phi_inv_eq_corner, phi_inv_woodbury, arrowInv_corner: propext,
Classical.choice, Quot.sound.

Reproduce: Lean 4.35.0, Mathlib fOb4c8150aa0; in that Lean project, lake env lean
ArrowMatrix.lean PhiCompression.lean (SHA-256 of the compiled file: f5da776cad749a60..; a

source page on this site may show it with comments edited, under its own hash).

L, Not used by another result of the paper.
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Figure

(b) node (r,b)=1; nl",',; arrows point to the larger ring

(a) height = number of strict inclusions - -1 £l i
proved from (r, 1) to (r,b) in row r 54 O— O—> O—> O0O— 0

i{ O—> 0O— O — O — O

23] 0—2+0—-2>0—20-—0

Jo—s0—s>0—=>0—=0

ot

i{0—0—0—o0—o0

T T T T T
1 2 3 4 5

b (T, T =11)

+ strict, proved (Rem 8.2; Thms 5.1, 5.2, 7.3) mmmm= cqual, proved; blue nodes =v7 e open

(c) witnesses by exact matrix size and number of binomial inverses: all at height 2;
the rows r=1 (ey), r=2 (fk‘l) and the column sz =5 (q),,‘l) show the two are independent
eq=qy', sz =d (Cor 7.10(a))
s™' (Thm 5.1)
fi' sz =k—1(Thm 7.3, Rem 7.11)
¢!, sz =5(Thm 5.2, Rem 8.2
pi¢ Vs, sz =d (Thm 6.1)

EEEEN

= 1

inversion height

™
s
<J

[
A\

The two-parameter plane of Remark 8.2; node (r, b) is the ring U, N T, (a) Height: the
number of strict inclusions proved along row r, starting from b = 1. (b) Status of each step
for r,b < 5: rows > 2 are strict (witnesses s ! and fb_+12) and row r» = 1 is constant;
column b = 1 is constant and the step » = 1 — 2 is strict for b > 2 (witness s !); the column
steps 7 — 1 — 7 with » > 3 are open for b € {2, 3} (individually; in each such column one of
the steps 2 — 3, 3 — 4 is strict, since g, * € (Uy NT'y) \ Us) and strict for b > 4 (witness

@ 1). The plane starts at 7 = 1; the step from Uy = E to Uj is strict in every column. Blue
nodes are rings equal to ;. (c) Each witness placed by its exact matrix size sz (Remark 7.11)
and by the least r with the witness in U, ; all have inversion height 2. The rows r = 1 (eq,
size d, Corollary 7.10(a)) and r = 2 (f, ! size k — 1) and the column of size 5 (o, L, every

r > 3) show that the two complexities are independent; p, lies outside U,. The witnesses
g,.! are not drawn: their least level is only known to lie between m + 1 and 2m.

¢ Evidence & scope

« Program: the 6 x 6 arrow matrix with Schur complement -phi_r, r = 3..8, with controls
(supplement C24). scripts/auditoria_S26/s26_comprobaciones.py

Remark 8.3. (later strata) M p.36
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Theorem 7.1 settles the steps byxx = k[n]. The band between 2[r] and 3|7 contains no
stopping step: an element of a stratum 2[x] + z is d;* + dy* + r with r € V3 (or has
fewer pure summands), and if a Case 3 selected that stratum, the current ring would
already contain Vfl (as D, = Vj is an earlier stratum) and hence

(di' +dy"t + 1)t = do(dirds + di + d2) 'di (Lemma 7.4). With one pure
summand, (d;* +7) ' = (1 + dyr) 'd; with 1 4 dyr € V}, so m and the strata [r1] + =
are not stopping steps either. The strata (k — 1)[n] + « with z # 0 and k > 4 are not
decided, nor any step involving ordinals born after 7 (products of three or more
binomial inverses, or the inverses adjoined at the stopping steps themselves); nor do we
decide which strata before 7 (sums of n > 3 monomials, sums of elements of D,, ;) are
stopping steps. On the free algebra P the harmonic matrices need not be atoms. For a
related family, not used here (axes u?, v, w? and conjugates by single letters with
pairwise distinct signed outer letters), we certified atomicity for k < 9 by computation.
The k = 10 extensions we tested use a conjugator of length two that repeats an outer
letter; exactly over (Q, their linear pencils have a one-dimensional composition factor of
letter type, and so do the targets f;, of §7.6 already for k = 4, 5. Theorem 3.4, applied to
one atomic factor, makes such factors harmless, because letters evaluate to units on the
arc.

L, Not used by another result of the paper.

Remark 8.4. (strictness of the size chain in general) B p.36

Theorem 6.1 is specific to A = C[F3] and uses the quaternion curve. In general, let R
be a fully atomic semifir (for instance a fir) with universal field D, and R, C D the
subring generated by R and the entries of the inverses of full matrices of order < b.
Then R, ; C Ry exactly when some b x b atom is not stably associated with a matrix of
smaller size. The direction “<" is Lemma 3.1, since the atomic factors of a fulln X n
matrix are square of order < n [Coh06, Thms 3.2.3, 3.2.7]. Conversely, a full b x b
matrix is a product of b x b matrices each stably associated with an atom of order < b (
R is fully atomic); if every b x b atom is stably associated with a matrix of smaller size,
each factor has the entries of its inverse in R;_; (stable association does not change this:
converse part of Lemma 3.1), so Ry = Rp—1. A matrix with all its entries in a proper
ideal a with R/a weakly finite is not stably associated with a matrix of smaller size
[Coh85a, Lemma 3.4.11(i)], [Coh06, Lemma 3.3.11(i)]. This gives a second proof that
the chain is strict at every b in C(z, y, z); the first follows from [HS15, Thm 4.5] (§1).
There P, = zI + ydiag(1,...,b) + zC, is an atom: after z — x + 1 it is a monic
pencil with invertible constant term whose coefficients generate M;(C) (diag(1,...,b)
has distinct eigenvalues and C;, permutes its eigenlines cyclically, as in the proof of
Lemma 6.2(c)), so Lemma 2.1 applies. All its entries lie in (z, y, z). In an Ore domain,
by contrast, Ry = D. When R/a is a field this criterion is the analogue over R of
Theorem 3.4 with p the corank at R — R/a. It does not locate witnesses inside Ey;
Theorem 6.1 does. The characterization by atoms is a short corollary of published
lemmas.

L, Not used by another result of the paper.

Remark 8.5. (independent adjunctions in [/, B]) =B p.37
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ForA €7 =C\{-1,0,1,2} let p? = (FW)~1)}; = (g) — eq;}1¢) L, and for
J C T letU; be the subring generated by U, and {p™ : X\ € J}. Then

Uso CUs C By, and J — Uy is an order embedding P(T) — [Us, B2|: Uy C Uk if
and only if J C K. It preserves finite joins. Restricted to J C {3,4,5, ...} it gives 2%
distinct rings generated over U, by elements with integer coefficients; on all of 7T it
gives 2°. T is the set where the atom criterion of Lemma 6.2(c) applies; it is sufficient,
not maximal. Intersections U ; N U are not determined.

Proof. p(’\) € Bs because F' () is a full 2 x 2 matrix over A, whose inverse has entries
in E, (pivot argument of §7.5) and in Ws. J C K givesU; C Uk, and Uy i 1S
generated by U U U, by definition; so it suffices to show p*) € Uy = X' € J. Since
q;jl € E;, the entries of (F™)~! lie in the ring generated by E; and p™ (block
inverse, as in (6.2)); hence Uy = Us with & = =D U {F(A) : A€ J}, and pX) e Uy
gives (F(X))~1 € M,(Us,). By Lemma 3.1 the atom F(*) (Lemma 6.2(c)) is stably
associated with an atomic factor of some @ € X. It is not a factor of a member of £():
at © every such @) has corank at most 2 (Lemma 6.2(a)), hence so do its atomic factors
(Definition 3.3, Example (b)), while F*) has corank 4 (Lemma 6.2(b)). So F*) is
stably associated with F') for some A € J (an atom, so its only atomic factor). Stable
association over P survives abelianization, and the units of the commutative polynomial
ring are the scalars, so det F*) = a det F™ for some a € C*. At (€,1,¢) = (£,0,1),
c=0anddet FN) = (A - &) A +1-€),s0 N =Xc J.O

L, Not used by another result of the paper.

¢ Evidence & scope

« Program: the excluded values of F”(lambda) (supplement C13).
scripts/auditoria_S11/s11 a2 ad.py

Remark 8.6. (intermediate rings and classes of atoms) B p. 38

The proof of Lemma 3.1 shows that, when H ~* has entries in Uy, the cokernel of every
atomic factor of H is a composition factor, in the category of torsion modules, of the
cokernel of a matrix built from ¥ (Claims A and B). That universal localizations of a
hereditary ring correspond to classes of modules is known in general: Schofield gives a
bijection between universal localizations and well-placed subcategories of finitely
presented modules, and between the localizations into which the ring embeds and Hom-
perpendicular sets of finitely presented bound modules [Sch07, Thms 2.3, 2.5]; Krause
and Stoviéek give, for a hereditary ring, a bijection between extension-closed abelian
subcategories of finitely presented modules and universal localizations [KS10, Thm B];
and for a factor-complete set X over a fir, Cohn shows that every matrix atom either
becomes a unit or remains an atom in Ry, and describes the divisor group of Ry by the
Y-relevant primes [Coh06, Thm 7.11.9, Prop. 7.11.10, Thm 7.11.11]. The rings P and A
are firs, hence hereditary. We do not claim this correspondence; Lemma 3.1 uses only
the instance above. Describing the intermediate rings of this paper (U,., Ay N Es, T}, D’
) by the classes of atoms they invert is a programme, not a result of this paper.

(2 Classical and new: the correspondence is known [KS10], [Sch07], [Coh06]; not claimed.

L, Not used by another result of the paper.
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