INVERSION HEIGHT TWO IN THE FREE FIELD OF THE FREE GROUP:
STRICT HIERARCHIES AND A NON-MEMBERSHIP CRITERION

CARLES MARIN

ABSTRACT. Let D be the free field of A = C[F3] and E» the ring obtained from A by inverting
twice. Two chains of subrings of Fs are strict at every step: the rings generated over E; by inverses
of sums of products of at most r inverse binomials (with coefficients in A), whose union is a proper
subring of Fs, and the rings generated by A and the entries of the inverses of full matrices over A of
size at most d, intersected with F2. We also locate infinitely many stopping steps of the Dubrovin—
Griater—Hanke complexity series inside Fo, with explicit witnesses; that there are infinitely many
stopping steps follows from the work of Herbera and Sanchez, but no infinite family had been
located within a fixed stage. The tool is a non-membership criterion that compares one atomic
factor with the allowed denominators through invariants that do not grow under passage to factors.
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Companion site. karlesmarin.github.io/blueprints/inversion-height-two: every statement with
its dependencies and its checks (Lean, programs), the figures in motion and labs to try one’s own
values. What it holds is described in Appendix A 4.

1. INTRODUCTION

The rational closure of A = C[F3] in its free field D is built in stages: E; is generated by A
and the inverses of its nonzero elements, Fs by Fp and the inverses of the nonzero elements of Fjy,
and so on. These stages never stabilise [HS15, Thms 4.5, 4.6] (for infinitely many generators this
is [Reu96, Thm 2.1]). Inside a single stage, where one restricts which elements are inverted, much
less is known. How many nested inversions an element needs is a basic measure of its complexity,
and the complexity series of Dubrovin, Griater and Hanke [DGHO3| records it step by step: at each
inversion step (Case 3) it asks whether the inverses of one stratum already lie in the ring built so
far [Jak19, Def. 1.1.4]. Answering that is a non-membership problem, and non-membership must
exclude every formula, not exhibit one. We give a method that proves non-membership inside a
single stage and use it to show that, already inside F5, two natural hierarchies of subrings are strict
at every step and infinitely many stopping steps of the series occur.

The criterion. For a family 3 of full matrices over P = C(z,y, z) (full: invertible over D) let
Us, be the subring of D generated by P and the entries of @71, Q € X; every subring of D generated
by A and the entries of the inverses of a family of full matrices over A has this form (by polynomial
lifts, §3.4), for a family containing x,y, z. A full matrix over the fir P has a complete factorization
into atoms, unique up to the order of the factors and stable association [Coh06, Thm 3.2.7 and the
remark after it|. If H~! has its entries in Uy, each atomic factor of H is stably associated with an
atomic factor of some @) € ¥ (Lemma 3.1). To refute such an association one evaluates.

Theorem A (Theorem 3.4). Let X be a family of full matrices over P and H a full square
matriz over P with an atomic factor G in a complete factorization. If for every Q € X there is a
monotone invariant pg (Definition 5.3) with ug(G) > uo(Q), then H™1 does not have entries in
Us.

A monotone invariant is a number attached to square matrices that is unchanged by stable
association and does not grow when passing to a factor. Writeu =14z, v =14y, w =1+ z,
where x,y, z are the generators of F3. We use three: the number v; of Smith invariant factors of
order > j of the evaluation along an arc P — M(C[[t]]) on which u?, v?, w? become the same scalar
(§4.1), the corank on a curve of quaternions, integral at ¢ = 2, on which every binomial is invertible
(84.2), and the corank at the character x: x; — —1, at which u,v,w vanish. The invariant need
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not vanish on the allowed denominators; it only has to be smaller there than on the target. So the
denominators may be singular at the evaluation, a single curve bounds infinitely many of them at
once, and an arc may be chosen separately for each denominator.

Results. A binomial is £ = 1 — fh with h € F3 \ {1} and g € C*. Let U, be the subring
generated by Ej and the inverses of the nonzero sums of products aoﬁl_lal = -€;1aq with ¢ <r and
a; € A, and Ay the subring generated by A and the entries of the inverses of full a X a matrices over
A, a < b (the chain of Gerasimov and Malcolmson [Ger82, Mal84a]).

Theorem B. (i) U._1 C U, for everyr > 1; forr = 2 a witness is (u2+v"24+w=2)~1 (Theorems
5.1, 5.2). (ii) Ag-1 N Ey C AgN Ey for every d > 2, and J, U, C Eo (Theorem 6.1).

The two hierarchies are independent. For r,b > 2, U, is incomparable with Ay N Fy; the chain
Ay is already strict inside Uy, Ag—1 NU, C AgNU, for d > 2 and r > 1, by inverses of sums of d+ 1
inverse binomials (Corollary 7.10(a)); the witnesses ¢, ! of Theorem B(i) (r > 3, Theorem 5.2) all
lie in As, while f, ! € Uz needs matrices of size k — 1 (Remarks 7.11, 8.2).

The series of [DGHO03| builds D as a union of subsets D,, its strata, by adjoining sums, products
and, once the current set is a ring, the inverses of the first stratum whose inverses are missing; such
a stratum is a stopping step (§2.3). After A and the inverses of binomials, the first stratum that
contains products of two inverse binomials is D,.

Theorem C. For every k > 3, the stratum of sums of k elements of Dy is a stopping step of
the Dubrovin—Grater—Hanke series of D for the monoid C* F3 of scalar multiples of group elements,
in Jakobs’ formulation [Jak19, Def. 1.1.4]. Witnesses are u=2 + v =2 + w2 for k = 3 and f), =
u w4 Zf:l? y'u=2y~" for k >4 (Theorems 7.1, 71.3).

The rings reached at these steps form a strict chain Uy = D3 C Dy € -+ whose union is Us
(Corollary 7.10(c)). The proof of Theorem C needs an atom for every k; we obtain it in the group
algebra of the free group on wu,y,w by a grading argument and apply Theorem A to that single
atomic factor. Figure 1 summarises the inclusions, with their witnesses.

Relation to previous work. The known separations use witnesses of growing inversion height,
so all but the first ones leave Fy. Reutenauer (for infinitely many generators) and Herbera—Sanchez
separate the whole stages F(n) C E(n + 1) [Reu96|, [HS15], inverting every nonzero element. In a
free algebra the chain A is strict by the elements of prescribed inversion height of [HS15, Thm 4.5];
over C[F3], [HS15, Thm 4.6] yields elements of Ay of height b— 1; a pivot at a unit entry turns them
into entries of the inverse of a full (b—1) x (b— 1) matrix over A, hence into witnesses for every step
Ap_o C Ap_1, and a second pivot gives Fy C Up; the case b = 3 also gives d = 2 in Theorem B(ii)
(§8.8). Since the height is unbounded, they also give infinitely many stopping steps, none located
in a fixed stage; for b > 4 these witnesses lie outside E5. The first stopping step, the stratum of
sums of two monomials, is implicit in [Gra20, §4|. Working inside Fs is harder because the allowed
denominators are singular at the evaluations that detect the witnesses; Theorem A is designed
for that situation. It uses Cohn’s theory of torsion modules over semifirs and of rational closures
[Coh06, §3.2, Thm 7.1.2, Lemma 7.11.2|; Lemma 3.1 is the analogue, for Uy, and without factor-
completeness, of Cohn’s results on localization at factor-complete sets [Coh06, Thm 7.11.9]. Over
C the free-locus theorem [HKV22, Thm 2.12] gives an alternative route (Remark 3 after Lemma
3.1); kernel dimensions already separate stable association classes [SV26]. What the invariants of
Definition 3.3 add is a certificate that an atom is absent from the allowed denominators when these
are singular at the evaluation. A more detailed comparison is in §8.8.

Section 2 fixes the rings and the complexity series; §3 proves the criterion; §4 builds the two
evaluations; §§5-7 prove Theorems B(i), B(ii) and C; §8 collects remarks and open problems. The
appendix lists what is formally verified in Lean 4 and how the computations were checked. A
companion site, karlesmarin.github.io/blueprints/inversion-height-two, shows every numbered result
with its dependencies and what checked it, has interactive labs for Lemmas 4.1 and 4.5 and Theorem
5.1, and draws Figures 2-4 live (Appendix A.4).
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Figure 1. The subrings of D studied in this paper. A solid arrow is a strict inclusion, labelled by an element
of the larger ring that is not in the smaller one and by the result that proves it; a dashed grey line is an
inclusion not marked as strict; the dashed double arrow joins the incomparable rings U, and I's (Theorems
6.1 and 7.2; more generally U, and T', are incomparable for r,b > 2, Remark 8.2). The inclusion I's C T is
witnessed by an element of inversion height 3 (§8.8). Dashed boxes: the rings I';, which for b > 2 are not
contained in Fy (§8.8). The rings I'y, I';, and D’ are defined in §2.4.

2. RINGS AND NOTATION

2.1. Rings. P = C(z,y,2) C A = C[F3] C D, where D is the free field, the universal field of
fractions of P and of A. For A: A = P, with ¥ the diagonal matrices with entries in {z,y,z,1}
[Coh06, Cor. 7.11.8], and a universal localization of a ring with universal field D that maps to some
field has D as its universal field as well [Coh06, Ex. 7.5.11-12]. (Directly: an epic A-field K is
an epic P-field, so D specializes to K. The domain of the specialization is a local ring containing
P in which each x; maps to a nonzero element, so it contains the x;l, and the specialization is
one of A-fields.) We work over C throughout; Remark 8.1 shows where characteristic 0 is used; in
characteristic p the witness of Theorem 5.1 fails. We write u = 142, v =1+ y, w = 1+ z; the
affine change = +— wu is an automorphism of P, so P = C(u, v, w).
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e By =Alst:0#s€ Al C Dand E; = E[e™! : 0 # e € Fy]. Height is measured over A:
the inverses wj_l do not count; this is the height h, of [HS15, §3| for the embedding of A.

e A binomial is £ = 1— Bh, h € F3\ {1}, B € C*. Every element ag + Sh of A with two
terms equals ag(1 + a~1Bg71h), a unit of A times a binomial, and mf~1m’ is again a unit
multiple of an inverse binomial for monomials m,m/’.

e For r >0,

Fr = spanc{aol; ‘a1 -+ £, ag : ¢ <r, {; binomials, a; € A}, Uy = Er[F, 1),

the subring of D generated by E; and the inverses of the nonzero elements of F,.. Thus
fo = A, UQ == El, fl == Vi = A + ZAg_lA and Z/{l = El[‘/lil]. Since fr C El, Z/{r - EQ.
e The coefficients ¢; lie in A, not in F;. This is essential: with ag = v™2" € E; and ¢ =0
one would get g, € Fy and Corollary 5.3 would be false.
e Let x : A — C be the character z; — —1 (so u,v,w — 0). A binomial 1 — Sh is ezceptional
if h is conjugate to z7 for some j and n # 0 and B(—1)" = 1. Binomials with Bx(h) # 1
are units at .

A square matrix over a subring of D is full if it is invertible over D. For a semifir with universal
field D (here P, A and the group algebra A of §5.3) this agrees with Cohn’s notion (inner rank n),
since the embedding into D preserves the inner rank [Coh06, p. 291 and Thm 7.5.13, p. 450].

Let Ryin C E1 be the subring generated by A and the inverses of all binomials, and U = U, U,
Let Ay (resp. W;) be the subring of D generated by A (resp. Rpi,) and the entries of G~! for all
full a x a matrices G over A (resp. over Rpi,) with a < b, and put By, = W;, N Es.

e Ry, = U, Fr, since F.Fs C Frys. Hence Uy = E1[(Rpin \ 0)7] C Es.

e A full a x a matrix G with a < b gives the full matrix G @ I,_,, so Ay is also generated by
A and the entries of inverses of full matrices of order exactly b. Since A C Ryin, Ay C W,
Inverses of nonzero elements of Ry, are entries of inverses of 1 x 1 full matrices, so Wi = Uy,
A1 = El, and Bl :L{oo

e The chain A, and Malcolmson’s chain. Malcolmson’s Ry, is the universal localization of
A at the full b x b matrices; it embeds in the universal field [Mal84a, Thm 3|, and its image
is Ap: Ry is generated by R and the entries of the inverses of the matrices in ¥, and its
image is generated by the images. Our W), is the analogue over Ryy,; it is not Malcolmson’s
ring (W) = U # E1 = Ay by Theorem 5.2 with r = 1).

2.2. Matrices over P. Full matrices over P are as in §2.1. Two matrices are stably associated
it Fo 1 = M(F; @ I)N with M, N invertible over P |Coh06, §0.5], [HKV22, §1]. A full matrix
is an atom if it is not invertible and is not a product of two non-invertible full matrices; stable
association preserves atoms [Coh06, Cor. 0.5.5]. For a family ¥ of full matrices over P we write
Us, = Plentries of Q71 : Q € ¥] C D.

Pencils and atoms. Let k = C and P, = k(z1,...,24). A pencil is L = Ay + >_7_; A;z; with
A; € My(k). Following Cohn, L is right monic if [A; --- Ag] has a right inverse over k (rank V), left
monic if the column [Ayg;...; Ag] has rank N, and monic if both hold [Coh06, §5.8, p. 312|. This is

the epic condition of [HKV22, p. 5]. For a full n X n matrix F over P, write M (F) = P;*"/P;*"F.
We use the following classical facts.

(a) A non-full n x n matrix factors as AB with A of size n x (n — 1), so it is singular at every
point of k9. Hence a matrix that is invertible at one scalar point is full; and a matrix
that is singular at one scalar point is not invertible over P, since evaluation is a ring
homomorphism.
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(b) If F = <)Z( ;:) with 7" invertible over P,, then

(T YT1\ (S 0 I 0 B 1
F‘(o I )(0 T><T—1Z I>’ §=X-YT"2,

and S&@T =TI T)(S®I). So F is associated with S @ I, that is, stably associated with
the Schur complement S.

(c) Stably associated full matrices have isomorphic modules M(-). Indeed M (F & I) = M (F),
and M(UFV) = M(F) via x — xV ~! for U, V invertible. Over a semifir a full matrix is an
atom iff M (F) is Tor-simple [Coh06, Thm 3.2.3 and the paragraph after it, p. 195]. Hence
stable association preserves atoms [Coh06, Cor. 0.5.5, p. 30|, [HKV22, p. 5].

(d) A ring automorphism of Py, for instance an affine change of variables x; — x; + a;, preserves
units, fullness and factorizations, hence atoms.

Lemma 2.1 (atom criterion). Let N > 1 and let L = Ao+ ), A;xz; be an N x N monic pencil
with Ag invertible. Then L is full and not invertible, and L is an atom iff the matrices M; = AalAi
(1 <i < g) have no common invariant subspace other than 0 and k™.

Proof. L(0) = Ag is invertible, so L is full (§2.2(a)). A right monic matrix is not a unit [Coh06,
Lemma 5.8.1, p. 312]. For N = 1, [Coh06, Thm 5.8.8, p. 317| says that L is an atom, and the
subspace condition holds trivially. Let N > 1. By [Coh06, Thm 5.8.8], L is not an atom iff there
are P,Q € GLy(k) and r,s > 0 with r + s = N such that every PA;Q (j = 0,...,g) has a zero
r X s block in the upper right corner.

e Given such P,Q, put W = Qspan(e,41,...,ex) and W' = P lspan(e,;1,...,en). Then
A;W C W for all j. Since Ay is injective and dim W = dim W', we get AgW = W', hence
MW C Ag'W' = W, with 0 < dimW = s < N.

e Conversely, let W be invariant with 0 < s = dim W < N. Take @ whose last s columns span
W, and P = Q_lAal. Then PAoQ = I and PA;Q = Q' M;Q maps span(e,11,...,en)
into itself, so the upper right r x s block vanishes for all j. O

This is the reformulation [HKV22, Rem. 2.6, p. 7] of [Coh06, Thm 5.8.8]; we include the two-line
proof because [Coh06, Cor. 5.8.9] cannot be applied verbatim with Ag = I: there “monic” must be
assumed, since I 4+ 0 - x is a unit.

2.3. The Dubrovin—Griter—Hanke series. Let M = C*F3 (monomials with coefficients; writ-
ten M in [Jak19|, and D is written R there). We use Jakobs’ formulation of the series (D,) [Jak19,
Defs. 1.1.4-1.1.5, pp. 3-4], after [DGHO03|. The series is indexed by ordinals. In Cases 1 and 2 the
stratum to be adjoined is chosen as the least element of the free commutative monoid N () on the
ordinals < o/, ordered lexicographically starting from the largest ordinal [Jak19, Thm 1.1.3, p. 3].
For an ordinal 7 we write k[n] for the multiset with & copies of m and k[r] 4+ z for its sum with
a multiset x; a stratum born by Case 1 is named by the multiset that selected it (so Dy is the
stratum born when Case 1 selects k[7], and cp(a) = k[r] means that a first appears there). Case 1
adjoins the minimal admissible sum, Case 2 products, only when the current set is additively closed,
and Case 3 inverses, only when it is a ring D, (o’ the current index), at the minimal ordinal o
with D! € Do; cp(a) = min{a : a € Dy} [Jakl9, Def. 1.1.5]. A stopping step is an index oy
selected by Case 3, i.e. a stratum whose inverses are adjoined at that point (named, for instance,
k[r]; the Case 3 itself happens at the current index o/ > 7). Selected indices increase strictly, since
once D;ll is adjoined it stays, and they are never limit ordinals, since an element of Dg = U7 <g D~y
already lies in some D,. For an index 3, the inversion pointer reaches (3 at the first Case 3 whose
selected index is > (. By the minimality of a1, the current ring at that step contains D ! for every
v < B, whether or not v was itself selected.
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We read S~1, for a stratum S, as the set of inverses of the nonzero elements of S (in D the units
are the nonzero elements; in [Jak19, Def. 1.1.1] and [Gra20, §4] only units of the ambient ring are
inverted). Note D; = M U {0}, since —1 € M.

Lemma 2.2 (the first strata).

1. For 1 <n <w, D, is the set of sums of at most n elements of D1, and D, = A.

2. The first Case 3 occurs at o = w, with g = 2; D11 = AUD;l, and the nonzero elements
of D2_1 are the monomials and the unit multiples £~ m of inverse binomials.

3. From w41 on, Case 1 applies up to the first index o at which the set is additively closed,
and D, = V7.

4. If Dyy1Dyy1 € Vi, Case 2 applies at o with the multiset 2jw + 1], so m = o + 1 and
D =V1UDg1Dy41- '

5. Let k > 2 and suppose DY z D;rr(]fl) + V1 for 2 < j < k. Then the strata born after
and before k[r] are among the jir] + x with 1 < j < k and x € N(o), each contained in
D7 + V1, no Case 2 or Case 8 occurs in between, and Dz = Dk,

Here D™ is the set of sums of m elements of D,; the equality Dy = D* holds because the

current set lies in D:rr(k_l) + V4 C DFF (as Vi € D, 2 0).

Proof. (1) For n < w, D,, is not additively closed (it misses sums of n + 1 distinct monomials),
so Case 1 applies. For n < w, every multiset smaller than (n + 1)[1] involves only the ordinals 0
and 1, with at most n copies of 1, so its sum lies in D,,; and (n + 1)[1] gives sums of n + 1 distinct
monomials, which are not in D,,.

(2) D, = Aisaring and Dl_1 C Di. A sum ag—+gh of two monomials with g # h is not a unit of
A [Jak19, Thm 1.3.10], so D2_1 ¢ A; and (ag+Bh)~' =07 ag) ! with £ =1+a " tBg7Lh.

(3) Case 2 needs an additively closed set and Case 3 a ring. Sums of elements of D11 lie in
V1, which is the additive closure of Dyy1 (§2.1: m¢~'m/ is a unit multiple of an inverse
binomial). So the first additively closed set is V.

(4) In N(o) the multisets below 2[w + 1] are those over {0,...,w} and the [w + 1] + = with =
over {0, ...,w}; any multiset containing an ordinal in (w41, 0] is larger. The corresponding
products lie in A- (AU DY) - A C V.

(5) Aslong as Case 1 applies, the indices are taken in increasing order; every multiset containing
an ordinal born after m exceeds every multiset of N () [Jak19, p. 3], and j[7]+x < (j+1)[n].

The strata over N(o) lie in Vi, 80 Djjjz4, C D7 +V; (recall Vi C D). Before k[n] the

current set lies in D (k=1) + V4, which by hypothesis does not contain DF*; it is therefore

not additively closed, so neither Case 2 nor Case 3 can occur, and k[r] is eventually the
least multiset with a new sum. U
An element of Dy 1D,,1 is ab € A; af~'m or £~'ma, in Vi; or Kl_lmlﬂ;lmg = (6’251)_1m1m2 =:
d—1 with ly = mlégml_l and d € A. We call the last type pure; so every element of D, lies in Vj
or is pure. We write byxx = k[r]. The hypotheses of (4) and (5) hold for every k; this is shown in
§7.2.

2.4. The rings D' and T'y. Let D’ = U [(DF3\ 0)71]. Let I'} be the subring generated by U; and
the entries of M ! for full a x a matrices M over Vi, a < 2, and 'y C I'; the same with M over A.
For a > 1 let I/, be defined as I';, with o’ x @’ matrices, ' < a, and T', likewise with matrices over
A; thus T'y, = Uy [entries of inverses of full a x a matrices over A, a < b).

3. THE CRITERION

Question. How can one show that an element of D is not in a ring Ux,? Membership is witnessed
by a formula; non-membership must exclude every formula. Lemma 3.1 reduces it to finitely many
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atoms, and an invariant that cannot grow when passing to a factor turns the comparison of atoms
into a comparison of numbers (Theorem 3.4).

3.1. Localization. Lemma 3.1 (matrix localization). Let R be a semifir with universal field of
fractions D, and ¥ a set of full matrices over R, each with a complete factorization (this holds for
every X if R is fully atomic, for instance a fir such as P or A). Let Uy, C D be the subring generated
by R and the entries of Q~', Q € X. If H is a full matriz over R and H™' has entries in Us,, then
every atomic factor of H is stably associated with an atomic factor of a complete factorization of
a single member Q € X. Conversely, if H has a complete factorization whose factors are all stably
associated with atomic factors of members of X, then H™' has entries in Us..

The ingredients are standard; we include the proof for completeness, because it uses neither a
finiteness nor a factor-inverting hypothesis on ¥ (compare [Coh06, §7.11] and [Coh85a, Ex. 7.11.13]).
An atomic factor of an N x N matrix H is an atom F with H = H; F Ho for some N x N matrices
Hl, H2 over R.

Conventions. Matrices act on columns. For a full nxn matrix G over R put coker G = R"/GR",
aright R-module. Left multiplication by a full matrix is injective on R", since the matrix is invertible
over D D R.

We use the following facts about the category Torg of (right) torsion modules over a semifir R
[Coh06, §3.2]:

e (T1) A finitely presented module is torsion if and only if it is coker G for a full square G
[Coh06, Prop. 3.2.1(i), p. 192].

e (T2) In a short exact sequence of modules, if two terms are torsion then so is the third. Ker-
nels and cokernels of maps between torsion modules are torsion [Coh06, Prop. 3.2.1(ii),(iii),
p. 192].

e (T3) Torpg is abelian, and the torsion submodules of a torsion module are closed under sums
and intersections [Coh06, Thm 3.2.3, p. 195].

o (T4) coker G is Tor-simple if and only if G is a matrix atom [Coh06, p. 195].

e (T5) A factorization G = G - - - Gy, into full square matrices gives the chain R" O G1R" D

-2 G1---GR" = GR". Left multiplication by G1---Gj_1 identifies its j-th quotient
with coker G; [Coh06, p. 194].

e (T6) Full matrices over a semifir are regular [Coh06, p. 193|. For regular matrices, isomor-

phic cokernels are equivalent to stable association [Coh06, Cor. 0.5.5, p. 30].

Let C be the set of isomorphism classes of the modules coker G, where G runs over the atomic
factors of complete factorizations of members of 3. A torsion module M is C-filtered if it has a chain
0=MyC M; C---C My = M of torsion submodules whose quotients Mj/Mj_l are Tor-simple
and isomorphic to members of C.

Claim A (Jordan—Hélder in Torg). Let M be C-filtered and N C M a torsion submodule.
Then N and M/N are C-filtered. In particular, a Tor-simple torsion quotient of M is isomorphic
to a member of C.

Proof.

1. By (T3) the torsion submodules of M form a sublattice L(M) of the submodule lattice, so
L(M) is modular.

2. For L C L' in L(M), the quotient L'/L is torsion by (T2). The interval [L,L’] has no
interior point exactly when L'/L is 0 or Tor-simple: the torsion submodules of L'/L are the
L"/L with L" € [L, L], by (T2).

3. By the Schreier refinement theorem [Coh06, App. Thm A.3, p. 521|, applied in the modular
lattice L(M) of torsion submodules (not in the lattice of all submodules), the chains 0 C
N C M and (Mj) have refinements in L(M) whose intervals pair off into projective intervals.
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4. Projective intervals are isomorphic as lattices and give isomorphic quotient modules [Coh06,
p. 521]. A refinement of (M;) only repeats terms, so its nontrivial intervals are the
[M;j—1, M;].

5. Hence every nontrivial interval of the refinement of 0 C N C M has a Tor-simple quotient
isomorphic to some M;/M;_;. The part between 0 and N is a C-filtration of N.

6. The part between N and M is a chain N = Ly C --- C L, = M. The L;/N are torsion
submodules of M /N with (L;/N)/(Li—1/N) = L;/L;_1, which gives a C-filtration of M/N.

7. If M/N is Tor-simple, a C-filtration of it with distinct terms is 0 € M/N, so M/N is
isomorphic to a member of C. [J

Claim B. Let ¥ be the set of block upper triangular matrices whose diagonal blocks lie in X U{1},
with any blocks above the diagonal. Then ¥ is upper multiplicative in the sense of [Coh06, p. 411-
412/, its members are full, and coker Q is C-filtered for every Q € X.

Proof.

1. Closure under (%1 QZQ) is clear. Members are invertible over D, being block triangular with

invertible diagonal blocks.
2. Let Q = (%1 QZ2> with Q1,Q2 full. The maps z — (z,0) and (z,y) — y give an exact
sequence 0 — coker @1 — coker @) — coker Q2 — 0:
e The second map is well defined because Q(u,v) = (Q1u + Zv, Q2v).
e Its kernel is the image of the first map, because (x, Q2v) = (x — Zv,0).
e The first map is injective, because (z,0) = Q(u,v) forces Qv = 0, so v = 0 and
r = Qu.
3. Take C-filtrations of coker (); and coker @J3. Their images and preimages in coker () are
torsion by (T2), so they splice into a C-filtration of coker Q.
4. By induction on the number of diagonal blocks, it remains to treat Q € ¥ U {1}.
e For the 1 x 1 identity the cokernel is 0.
e For Q € X, take a complete factorization Q = G1---Gy. By (T5) and (T4) the chain
of (T5) has Tor-simple quotients coker Gj, which lie in C by definition.
e Its terms are torsion: Gy ---GjR"/QR" = coker(Gj41---Gy). O
Proof of Lemmma 3.1. Let H be N x N and F an atomic factor, H = H1F Ho.
Step 1 (the factor is inverted in Uy ). H is invertible over the field D, so the square matrices Hp
and H, are as well. Hence F~! = HyH ' H; has entries in Us,.
Step 2 (one denominator).
1. The inclusion R — D is S-inverting (Claim B).
2. By [Coh06, Thm 7.1.2, p. 412-413], the S-rational closure Rs(D) is a subring of D con-
taining R. It contains the entries of Q! for Q € ¥ C ¥, so it contains Us,.
3. By (d) of the same theorem, each entry of F~! has the form (F~1);; = bijA;jlcij with
A € ¥, bi; a row and ¢;; a column over R.
4. Put Q = EB” Ajj € ¥, of order K, say. Let B € Y RE have b;j in row 4 and block column

. . K N L . . . .
b ) (] b ? .
(i,7), and C € * R" have ¢ j in block row (7,7) and column j, with zeros elsewhere. Then
F1'=BQ7'C, so Iy=(FB)Q'C overD.

Step 3 (Cohn’s lemma). R is a semifir, hence a Sylvester domain [Coh06, p. 291], and @ is full.
Apply [Coh06, Lemma 7.11.2, p. 502| (= [Coh85a, Lemma 7.10.2, p. 455], stated there for semifirs)
to the relation Iy = (FB)Q'C. Tt gives P, Q' € R, B' € VRE and ¢’ € KRN with

Q=QP, FB=BP, C=QC, Iy=DBC.

Q'P' = Q is invertible over D, so the square matrices P’ and @’ are invertible over D, i.e. full.
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Step 4 (coker F' is a quotient of coker P'). Define
¢ : coker P' — coker F), z+ P'RE — B'z + FRV.

e o is well defined, since B'P'y = FBy € FRV.
e ¢ is right R-linear.
e ¢ is surjective, since y = B'(C"y) for every y € RN,

(This is Cohn’s description of homomorphisms between torsion modules by pairs of matrices
|Coh06, p. 194].) Both modules are torsion by (T1), so ker ¢ is a torsion submodule by ('T2), and
coker F' = coker P’/ ker .

Step & (coker P’ is a torsion submodule of coker Q). Left multiplication by @’ is injective and
maps P'RE onto QRX, so coker P’ =2 Q'R¥ /QRX C coker Q; it is a torsion submodule, being
isomorphic to the torsion module coker P’.

Step 6 (conclusion).

1. By Claim B, coker Q is C-filtered. By Claim A (Step 5), so is coker P’.

2. F is an atom, so coker F' is Tor-simple (T4). By Claim A (Step 4), it is isomorphic to
coker GG for an atomic factor G of a complete factorization of one Qg € X.

3. By (T6), F and G are stably associated.

Converse. If Q = G1FGy with Q € ¥ and G, Gy square, then F~! = GoQ !G4 has entries in
Us. f FFoT=S(F&I)T with S, T invertible over R, then F' 1@ I =T (F~ 1o 1)S™!. Finally
H=F - Fygives H'=F ' .F7'. R

Remarks on Lemma 3.1.

1. Where the hypotheses are used.

e That R is a semifir: (T1)—(T6) and [Coh06, Lemma 7.11.2].

e That D is the universal field: [Coh06, Lemma 7.11.2], through the rank-preserving
embedding R — D [Coh06, Cor. 5.4.10, p. 287|.

e That members of ¥ have complete factorizations: only in Claim B.

e The base field and its characteristic play no role.

e Without complete factorizations the conclusion cannot even be phrased as stated: in a
commutative valuation ring R with value group Q x Z (lexicographic), ¥ = {¢} with
v(q) = (1,0) and H = p with v(p) = (0,1), we have p~! = (¢/p) ¢! € Us while ¢ has
no complete factorization (although p divides ¢). We do not know whether the weaker
conclusion (F' is stably associated with an atom dividing some @ € ¥) holds for every
semifir.

2. Inverting in D wversus in Ry. In D a square factor of an inverted matrix is inverted (Step
1). In the universal localization Ry this fails in general. Take R = k(z,y), ¥ = {zy}: Rx
contains the idempotent yux # 0,1 [Coh06, p. 500], so z is not invertible in Ry (if it were,
with u = (zy)~! we would get yuz = 1). This is why Cohn assumes X factor-inverting
or factor-complete in [Coh06, §7.11]. We never pass through Ry, so no such assumption is
needed.

3. Sketches of other proofs. For R = P over C there is an analytic proof: [KVV12]| gives the
inclusion of free loci, and [HKV22, Thm 2.12] together with Claim A gives the conclusion.

3.2. Smith profiles. Let M be a matrix over C[[t]] with invariant factors t*, 2, ... \; € NU{oo}
(zero invariant factors count as co). For j > 1 put

vi(M) =#{i: N > j} = p(t’ "' coker M),

the minimal number of generators. By the parts of M we mean the A;. Unimodular equivalence
over C[[t]] and padding with an identity block do not change v; for j > 1.

For a ring homomorphism ~ : A — M,,(C[[t]]) (an arc) and a matrix F' over A we write F'7 for
the entrywise evaluation, an m - #rows by m - #columns matrix over C[[¢]]. An arc on A restricts
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to a ring homomorphism P — M,,(C][t]]), which we also call an arc. Theorem 3.4 needs only these
restrictions, because every matrix it evaluates is over P. The arcs of §4.1 are defined on A: the
images of the x; are invertible. Section 4.1 uses this to evaluate matrices over A and the triangular
pivots of the lifts; Theorem 3.4 does not.
Let v be an arc.
Lemma 3.2 (cf. [Tho79]; we give a direct proof). Let j > 1.
L. (Factors.) If Y = G1F Gy with all matrices square of the same size, then v;(F7) < v;(Y7),
whether or not G|, G} are singular.
2. (Upper interlacing.) If Y = <§ L:;
Vj(Y) S Vj(L) +m.
3. (Lower interlacing.) In the same situation, v;(L) —m < v;(Y).
4. (Chains.) If L is block upper triangular with diagonal blocks Ay, ..., Ay, each with det A; # 0
and largest part e;, then every part of L is at most e1 + --- + eq. If L is block diagonal, its
largest part is the largest over the blocks.

> with a bottom block of size m after evaluation, then

(A1l matrices here are evaluated at +; we drop the superscript.)

Proof. (1) im(G1FGs) C im(G1F), so coker(G1F) is a quotient of coker Y likewise coker F'T is
a quotient of coker(F TGI), and transposition does not change Smith forms; a quotient does not
increase pu(t’~1-). (2) coker Y maps onto coker[L w] with kernel generated by m elements, and
coker[L w] is a quotient of coker L; over a discrete valuation ring a submodule of an m-generated
module is m-generated. (3) coker[L w] = coker L/imw and /~1(X/X") 2 /7 1x /(1 X NA’) with
71X N X" at most m-generated, so u(t/~1-) drops by at most m; then coker Y — coker[L w]. (4)
Since each A; is injective, coker L is an iterated extension of the coker A;, and t€1F € kills it. [J

3.3. Monotone invariants and the criterion. Definition 3.3. A monotone invariant is a
function p from square matrices over P to NU {oo} such that
1. u(F & I) = p(F) for identity matrices I of every size, and uy(MFN) = pu(F) for M,N
invertible over P of the size of F’;
2. u(F) < u(G1FG2) whenever F,G1, Gy are square of the same size.

Examples.

e (a) For an arc (a unital ring homomorphism) v : P — M,,(C[[t]]) and j > 1, u(F) =
vj(F7). Condition 1 holds because M?, N7 are invertible over C[[t]] and padding does
not change v;; condition 2 is Lemma 3.2(1).

e (b) For a unital ring homomorphism © : P — M,,(K) into matrices over a field (not
necessarily commutative), u(F) = corank F®. Condition 1 holds because invertible
matrices go to invertible matrices; condition 2 holds because rank(XY Z) < rank Y.

Neither example needs the arc or © to extend to D, or even to A. Example (b) is m times
the nullity of the Sylvester rank function F — rank F© /m, and every Sylvester rank function with
values in 17 gives a monotone invariant in the same way [Mal80], [Sch85, Ch. 7|. Example (a) is a
difference of two instances of (b): if ©; : P — M,,;(C) is the reduction of v modulo #/ followed by the
regular representation of C[t]/t/, then v;(F7) = corank F'® — corank F®i-1, because multiplication
by t* on C[t]/#’ has kernel of dimension min(), 5), so corank F® = Y~ min(\;, 7). Its monotonicity
is Lemma 3.2(1); it does not follow from that of (b).

Theorem 3.4. Let ¥ be a family of full matrices over P and H a full square matrix over P with
an atomic factor G in a complete factorization. Suppose that for every Q € X there is a monotone
invariant pg with po(G) > po(Q). Then H™' does not have entries in Us,.

Proof. Suppose that H ! has entries in Us;. By Lemma 3.1 there are Q € ¥ and an atomic factor
of @ stably associated with G. In a complete factorization, Q = G1AGs with A, G1, G4 square of
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the size of @ and A an atom stably associated with that factor, hence with G [Coh06, Cor. 0.5.5].
Then pug(G) = po(A) by condition 1, and pg(A) < po(Q) by condition 2, a contradiction. O

The applications use three cases: G = H with ug = vj, along an arc chosen for Q) (Theorems 5.1,
5.2 with r > 3, Corollary 5.3, Theorem 7.2); G = H with g the corank at one fixed representation
for all @ (at x for Theorem 5.2 with » = 1, at © for Theorem 6.1); and G an atomic factor that
may be proper, with ug = vj, (Theorem 7.3) or the corank at x (Corollary 7.10(a), Remark 7.11).
In Remark 8.2 the invariant depends on the kind of Q: the corank at x for some, v, for the others.
The invariant may depend on (). In the applications the arc parameter k is chosen after ), and the
same Lq is applied to G and (). Table 1 lists, for the main applications, the witness, the invariant
and the two values that are compared.

Result Witness In Not in Invariant (Def. Target Bound Margin §
3.3)
Thm 5.2, S3°, S3= U E1 =U corank at x (target 2 <1 Ll 5.4
r=1 u ot 4wt Hs1)
Thm 5.1 s~ 1, Uy (also D', T2) Uy Vg+1 On v (target 4 <2 +2 5.2
s=u"2+v 24w 2 Hy)
Thm 5.2, o5 !, (5.1) Uy Ur—1 V(r—1)k+1 ON Yk >3 <2 >+1 54
r>3 (target Qr)
Cor 5.3 gl gr = Us, Uy Vpg+1 O 7y (target 4 <2 +2 5.5
u72r+v72r+w727 H3,2r)
Thm 6.1  pg = (£; )11 AgN Es, By Wa_1 (2 Ag_1, corank at © over 2d < 2(d—1) +2 6.2
Bg_1;for d=2: C(t) (target Fy)
Uso)
Thm 7.2 1, Us I', (ODT2 D D')  wvgyq on vy (target 6 <4 +2 7.5
Yp=u"24+0v"24 Fy)
w2 4 yu—2y~1
Thm 7.3, f;* UNT s Vk+1 on v, (atomic  2(k—1) < 2(k—2) +2 7.6
k>4 Us N Ap_q factor G of Fy)
(Rem 7.11)
Cor eq = qgl, Uy NAy Ag_1 corank at x (atomic d <d-1 +1 7.6
7.10(a), gg=w" '+ factor G of L)
d >2 Zi<dyiu—ly—i
Rem 7.11, f, ' Us N Ap_q Ap_g corank at x (atomic k—1 <k—2 +1 7.6
k>4 factor Gy of Fy,)
Rem 8.2, gpfl U-NAs NTY T4 (2 As) corank at x (lifts 5, >3 <4;<2 >+1 8.2
r>3 over A); V(r_1)kt1

on v, (borders of
Uy); target M,

Table 1. Witnesses of the strict inclusions. In each row Theorem 3.4 is applied with the stated invariant:
the target (an atom, or an atomic factor) beats every allowed denominator. The margin compares the target
with the bound for the same pg; in the rows with v the arc parameter k (or k) is chosen after @, with
k> e(Q) (e(Q) is defined in §4.1; and k > r in the row of Theorem 5.2, r > 3).

5 %

T
T upper triangular, the x; on its diagonal and polynomials above it, whose Schur complement is
s; then T~! has entries in A and the entries of Q7! lie in Ej. (Several inverses in one monomial

3.4. Presentations of the rings. For 0 # s € A let Qs = be a polynomial matrix with

Ty —I9
0 =

write s as a sum of products aoxjfllal . ~;Uj;1aq with a; € P, and take for Q5 the border B_; defined
below, built from these chains with the z;, in place of the binomials, with its rows and columns
permuted; its Schur complement is s and its pivot is upper triangular with the z; on the diagonal.

The polynomial lift of a matrix over A is built in the same way, entry by entry, as for Bg below.
With ¥ ={Qs: 0# s € A} U{x,y, 2z} we get £y = Us,.

~1
need a triangular, not diagonal, T: the (1,2) entry of < ) is 27 wox 7)) For instance,
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For 0 # f € F, fix one presentation f = a, + CL7—7[)€T_&(IT71 o -ET_’;TCLWT (ax € A, ¢ < 1 the
number of inverses in the term 7) and form the border

By = (i _“;) L=@c,

where the chain C; is the g; x ¢; upper bidiagonal matrix with ¢, 1,...,¢;, on the diagonal and
—ar1,...,—0rq —1 above it, the row a carries a, o at the first position of chain 7 and the column
w carries a, . at its last position. Since (C- 1)1, = - jar10 3 -E;éf, the Schur complement of L

in By is —f. By has entries in A; let Bf be its polynomial lift, of which By is the Schur complement
with respect to a triangular pivot with the x; on the diagonal, as for Q).

Lemma 3.5. U, = Uy, with ¥, =¥y U {Bf :0# f € F,}, one border per f.

Proof. U, C Us,: Us, is a ring containing Ey and f~!, since —f~! is a corner entry of B;l
Us, C U,: the entries of B;l are polynomials in the entries of L~! (whose entries lie in Ey, because
¢! € By and a; € A), in f~! and in the entries of the inverse pivot, which lie in A. O

Only one Q € X, at a time enters the argument below: sums and products of borders never
appear, because Lemma 3.1 returns a single Q.

Presentations of Wy. For a full G € M,(Ryi,) write each entry as above and form the border

L Q
BG:<A _G*)>

with L the direct sum of the chains of all entries, Q (a columns) and A (a rows) carrying the
boundary coefficients and G, € M,(A) the polynomial parts, so that the Schur complement of L
is —G; let Bg be its polynomial lift with pivots xj. As in Lemma 3.5, W}, = Usu) with n® =
Yo U {BG : G full over Ry, a < b}, one border per G.

Presentations over Vi. Let M € M,(V1) be full, with entries M;; = ai; + ZSESU bel; e,
(aij,bs, cs € A, binomials £, repetitions allowed). Put m = " [S;;|, A = diag(¢y,...,¥¢n) and

BM - <]_WCO, i) s MO = (aij), Ri,s = bs (S S Si~)7 CSJ' = Cg (S S SAj),

so that M = My + RA~I(C is the Schur complement of A and M~! is the top-left a x a block of
B;j. Let Bjs be the polynomial lift with piv~ots xj.

Lemma 3.6. I') = Uy with ¥5 =X, U{By : M full over Vi, a < 2}, one lift per M.

Proof. By is full, because M is full and A is invertible over D. Ty, C Usy: Usy 2 Usy = Ui;
the block of B];f complementary to the triangular pivot is B];}, and the (1, 1) block of B]\_j is M1
(Schur complement of A). Usy C I'y: the entries of B;/[l are polynomials in those of B;j, of the
inverse pivot (in A) and of elements of A, and

B-1_ M1 —M~1RA™!
M= A\ATICMTY AT - ATICMTIRATE
with A=l € M,,,(E1) € M, (Uy) and R, C over A. O
Here and below R, C' denote the coefficient blocks of Byy.

Neither "one border per f" nor the other conditions of Lemmas 3.5 and 4.4 enter Theorem 3.4:
they are needed only to produce ¥ and to bound pg(Q).

4. TwWO EVALUATIONS

Question. Theorem 3.4 needs, for each allowed denominator @), an invariant that the target
exceeds. Which evaluations make the targets large and every allowed denominator small? The
targets are built from squares, the denominators from binomials: we want the squares to degenerate
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together and the binomials not to. Section 4.1 makes all squares the same central scalar along an
arc; Section 4.2 gives a point where no binomial degenerates at all.

4.1. The exact arc. The arc. For i € {0,1,2}, ¢t and ¢ put

it? —t
Ui(t’ 8) = i2t3 — ¢ —ZtQ € MQ(C[t,&])

For k > 1 the ezact arc y;, sends u, v, w to Uy, Uy, Uy at € = t*; equivalently z — Uy—1I,y — Uy —1I,
z+ Uy —I. In Lemma 4.3 and in the proof of Lemma 5.6 we index the generators from 0: xy = z,
x1 =Y, T2 = z, and uj = 14+ x;; these indices, and those of U;, N; and X; below (Remarks 6.3, 6.4),
are taken mod 3; elsewhere (as in H,, p, below) ui = u, ug = v, u3 = w. At t = 0 every z; goes to
—1, which is invertible, so 7 extends to A — My(C[[t]]): Laurent polynomials evaluate integrally.
Ate=0,U(t,0) = - K'JK~" with J = <(1) i) K = G (1)> ie. x; — pz) = —K'JK™,
the parabolic family. This holds for every e:

Ui(t,&‘) =K' Uo(t,&‘) K_i, Uo(t,é‘) = —(tElz + €E21),

with Eg, the matrix units. So the exact arc deforms the nilpotent —tFE19 = I — J of the para-
bolic family into —(tE12 + £Fs1) on the three axes at once; since K commutes with Eoy, U; =
—K'(tE12) K% — eE»1, the form used in the proofs of Lemmas 4.3 and 5.6.

Lemma 4.1 (exact arc). trU; = 0, detU; = —te and U? = teI. In particular U;(t,t%)? =
thHLI, and U;(t,t*) has Smith parts (1, k).

Proof. Uy has zero trace, determinant —te and UJ = tel, and conjugation by K® preserves all
three. The parts: every entry is divisible by ¢ (since k > 1), the (1,2) entry is —t, and det = —¢*+1.
O

Try it. The lab of this lemma on the companion site computes U; on v, exactly, with its trace,
determinant, square and Smith parts, and the profile of the target Hy against the bound on the
allowed denominators, for a k of your choice: the exact arc with k = 5.

Figure 2 shows the arc in the coordinates of a traceless matrix.

Scalar evaluation. Let J = (u?,v?, w?), the two-sided ideal of A, and for n > 2, p > 1 let

H,p = b 117 + diag(ub, ..., ub) (n—1) x (n—1)),
u2r _|_U2r u2r

u2r u2r _|_w2r
Lemma 4.2 (scalar evaluation). Let v = ;.

so that Hsor = ) and Hy := H372.

1. If F is a d x d matriz with entries in J", every entry of FY is divisible by t" 1) : hence
Vo) (F7) = 24,

2. Hi,, = ¢r(k+1) <<§ ;) ® 12). Its four parts all equal r(k + 1).

Proof. (1) A monomial of J" is ag uglal i ui'ar with a; € A; each u? evaluates to the central
scalar t**1] (Lemma 4.1) and each a; integrally. (2) Apply the same to U/, whose square is ¢ T

2 1
det(l 2):3#0.D

Binomials on the arc. For a binomial ¢ let ey € NU {oo} be the largest Smith part of ¢/, where
pt is the parabolic family (¢ = 0: z; — —KJJK 7); e, = 0 if ¢#* is invertible.
Lemma 4.3 (binomials). Let ¢ =1 — Sh be a binomial.
1. If Bx(h) # 1, then 7% is invertible over C[[t]]: no positive parts.
2. If £ is exceptional, 7% has parts (1,k) for every k > 1.
3. Otherwise ey < 0o, and for k > ey the parts of 0% equal those at € = 0; in particular they
are < k.
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(b) solid k=2, dashed k =3: the three squares coincide

@) (a.p.q): a=Un, p=(Un+Un)/2, g=Un—Uxn)2

=O= U2 u?) gt k=3
1.4
U? (v?) ;ﬁ 3 (k=2)
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7 0 o L0
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2
-1 49 =
[72]
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p
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0.0 0.2 0.4 0.6 0.8 1.0 1.2
t
=Om s Up(s,1?) w=Cmm s Uy(t,17) cone a’ +p?=g? (detU=0)
vies U, 1) — ==~ dashed, each colour: e =0, parabolic family, U>=0 a®+p?—q*=1; *: the three points at t=1

Figure 2. The exact arc. A traceless 2 x 2 matrix U is a point (a,p,q) with a = U1y, p = (Ur2 + U21)/2,
q = (Uia — Ua1)/2, and U? = (a? + p*> — ¢*)I. (a) The images of u,v,w for ¢ = 2 (solid) leave the cone
a? + p? = ¢? of nilpotent matrices, on which the parabolic family ¢ = 0 lies (dashed); at each ¢ the three
points lie on the same quadric a? +p? — ¢ = t%, shown at t = 1 (stars). (b) The scalar \ with U;(t, %) = \I
for k = 2,3: the three curves coincide, A = t**! (Lemma 4.1). Live version, in 3D and for any k, in the
blueprint.

Proof. (1) At t =0, £ — (1 — Bx(h))I. (2) Write £ = g(1 — Baf)g~" with §(=1)" = 1. For
n<0usel—pa} =—Baf(1— B_lzv;”), a unit times a binomial of the same kind; so let n > 0.
The roots of 1 — X™ are simple, so 1 — fX" = (1 + X)c(X) with ¢(—1) # 0; since q:j — -1,
c(x;)7 and g7 are units, and the parts are those of u] = Uj, namely (1,k) (Lemma 4.1). (3) After
conjugation, which changes 7 by a unit, write h = lel x -x?qq cyclically reduced. If ¢ = 1, then
Bx(h) = 1 makes ¢ exceptional, so ¢ > 2 and j;11 # j; for all ¢, indices mod q. Write N = tE12 and

N; = KINK=J = tejr; with ¢; = (1,5t)7 and r; = (—jt,1). Then rqcp = (b — a)t, Nj2 = 0, and
pi(x;)" = (=1)"( + nNj;) for n € Z. Expanding the product,
trpu(h) = x(h) 3 ([T i) tr [T Vi,
S €S €S
over the subsets S = {i; < -+ <in} of {1,...,q}, with the factors in increasing order. For m > 1,

m m
tl“(Njil s Njim) = Hrjil Cjil+1 = t2m H(jiHl - ]zl) (im—i-l = il)a
=1 =1
which vanishes for m = 1. Hence tr p;(h) is a polynomial in ¢? of degree ¢ with leading coefficient

X(h) I, ni [1;(Jie1r — Ji) # 0 (trace law; compare [LUG9| for two parabolic generators). Since
det pi(x;) = 1, det(I — Bpi(h)) = 1 — Btrpi(h) + B2 is a nonconstant polynomial, hence # 0, and
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e < 0o. Finally £ = £7|.—¢ + O(t*), and a perturbation O(t¥) of a matrix whose parts are all < k
does not change them (D + O(t*) = D(I + O(t))). O

For a border By let e( f) be the maximum of ey over the non-exceptional binomials £ with Sx(h) =
1 occurring in it. For a presentation By over Vi (§3.4) let e(M) be the maximum of e; over the
non-exceptional £s with Bsx(hs) = 1. For Q € X write e(Q) = e(f) if Q = By, e(Q) = e(M) if
Q = By, and ¢(Q) = 0 otherwise; a maximum over no binomials is 0. The hypothesis k > e(f)
cannot be dropped from the bound on the parts of L in Lemma 4.4: with k = 5, borders containing
1 —[[z,y],2] (e = 7) already have a part > 2k in a chain of length 2; this does not contradict
anything, because k is chosen after Q).

Lemma 4.4 (chain bound). Let 0 # f € F, with border By and k > e(f). Then every part of
L 4s at most qk, and quH(B?’“) <2.

Proof. Fach chain C; has at most ¢ binomials on its diagonal, each with det #Z 0 on the arc and
largest part < k (Lemma 4.3). By Lemma 3.2(4) the parts of L7 are at most gk, so vgr4+1(L") = 0.
The pivots x; of the lift evaluate to units, so B}Y and B}Y have the same parts up to zeros. The border
is one row and one column, i.e. m = 2 after evaluation, and Lemma 3.2(2) gives vgp41 <0+ 2. O

The remaining members of ¥y are harmless at every level j > 1: Q7 has the parts of the 2 x 2
matrix s7 (its pivot evaluates to a unit), so ;(Q¢) <2, and ] is a unit, so v; = 0.

4.2. The quaternion curve. Write { =z -1, n =y —1, ( = z—1 and ¢ = &n+ né. Let
i = diag(v/—T, —v/=1), j = (_01 3) k = ij, and
©: x—I+t, y—I+tj, z—I1+tk € My(C[t]).

Since det(I +tq) = 1 +t2 for q € {i,j, k}, © extends to a ring homomorphism A — M(C(t)),
with ©(z)™t = (I —ti)/(1 + t?), regular at t = 0 and t = 2. We do not extend © to Ry, or
Ey: the argument evaluates only matrices over A and their polynomial lifts over P. Under O,
€2 =n? = (%= I and c = t3(ij + ji) = 0.

Lemma 4.5 (no binomial degenerates on ©). For every h € F3 \ {1} and 3 € C*, det(I —
Bhe) # 0 in C(t). Hence every binomial, and every element ag + Bh of A with two terms, is
invertible at ©.

Proof. Entries of h® are regular at t = 0 and t = 2, so evaluation there is a ring homomorphismi.
If 3# 1: at t = 0, h® = I and the determinant is (1 — 8)2 # 0. If 8 = 1: at t = 2, O(x;) is the
Lipschitz quaternion 1+2q; of norm 5, and 5(142q;) ! = 1—2q;. For a reduced word h of length |h]|
with n_ negative letters, h®(2) = 57"~ II with II a product of |h| elements of {1+ 2i, 14 2j, 142k},
so NormII = 5/"l. Reduce modulo 5 through the ring homomorphism from the Lipschitz order
to My(Fs) with i — diag(2,3), j — <_01 .
M M, = (v;rub) uav;— vanishes exactly when b is the residue of the conjugate 1 F+2q of a =1+ 2q
(a check of the 36 products; Appendix A.2, supplement C05). A reduced word has no consecutive
inverse pair, so I # 0 (mod 5). If h(2) = I, then Il = 5"~ I, 5"~ = 5" |h| =2n_ > 1,s0on_ >1
and II = 0, a contradiction. Finally, for a real quaternion ¢ # 1, det(I — ¢) = Norm(1 — ¢) > 0.
Two-term elements are ag(1 + a~'Bg~1h) with det ©(g) # 0. O

Try 4t. The lab of this lemma on the companion site multiplies the quaternions 1+2i,1+2j, 1+2k
along a reduced word of your choice and shows II, its norm 571 and its nonzero residue modulo 5:
the word zyz~'z.

Figure 3(a) shows the evaluation at ¢t = 2 for the reduced words of length at most 7.

For ©, Lemma 4.5 plays the role of Lemma 4.3: there is no exceptional set, and no parameter to
choose after Q.

Section 6 uses © through Theorem 3.4 with u the corank at © (Definition 3.3, Example (b), with
K = C(t)).

). The six residues have rank one, M, = uqv,, and
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(a) ®att=2: words in 1 +2i,1 +2j,1 +2k (b) corank comparison
30 - - 11718()(;'educcd words, lengths 1-7: 12 4 target 135) —0:2d
. ° h®@2)=1:0; II=0(mod 5): 0
- — — bound 2(d — 1) (Lemma 6.2(a))
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length |4l of the reduced word d (Theorem 6.1)

Figure 3. The quaternion curve ©. (a) For reduced words h of length at most 7 in x,y, z and their inverses,
the angle on S3 between h®(2)/|h®(2)| and 1 (all words of length < 5; for lengths 6 and 7, the 200 words
of smallest angle and a random sample of 3800), with the minimum for each length taken over all 117 186
words; no word gives h®(2) = I and no product II vanishes modulo 5, as Lemma 4.5 proves for every length.
(b) The corank at © over C(t) of the target F is 2d (Lemma 6.2(b)), while every Q € £(4=1 has corank at
most 2(d — 1) (Lemma 6.2(a)). Two sample denominators are shown: the lift of F,;_; (with F} := p;), which
attains the bound, and the border of Fy 1+ e11(1 — zy)~!. Live version, the words appearing on S® length
by length, in the blueprint.

5. THE BINOMIAL HIERARCHY (THEOREM B(I))

Question. Does the number of inverse binomials allowed in the denominators give a strict hier-
archy inside F»? Yes, at every step. The arc of §4.1 does the counting: at level k + 1 a quadratic
target has four Smith parts, every allowed denominator at most two.

Theorem 5.1. Let s = u 2 +v 2+ w2 Then s ' € Uy and s~' ¢ Uy = E1[V'], where
Vi=A+> AlA,

Theorem 5.2. For everyr > 1, Up—1 C U,. Forr > 3 an explicit witness is 90;1, where ¢, € F,
is the sum of five products of r inverses of u,v,w given in (5.1).

Corollary 5.3. For every r > 1, g, = u=2" + v~ + w™2" satisfies g, 1 € Uo, \ U,

The inclusion U, C Ua, follows from Theorem 5.2; the content of Corollary 5.3 is the witness,
which is harmonic and needs no auxiliary design. Theorem 5.1 is the case r = 2 of Theorem 5.2;
over a field of characteristic p its witness fails (Remark 8.1). All three proofs go through Theorem
3.4. The arc is the exact arc U,L»2 = t*+1T (Section 4.1): all squares u?,v%, w? evaluate to the same
scalar t**171, so the four parts of a quadratic target reach level k + 1, while the binomials of an
allowed denominator stay below it and its border adds at most two.

5.1. Reduction. With G = diag(v?, w?) and Hy = G 44?117, the Sherman-Morrison-Woodbury
identity gives

Hy'=G'-Gc1s'17G7, st =% —v? (Hy )11 v?
Hence, for any ring U with By CU C D: s~ c U +—= Ho_l € My(U). The same holds for g, and
Hs 5., with u?", v, w? in place of u?,v?, w?, and for S3 = v '+ v~ +w ! and Hs 1, with u, v, w.
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5.2. Proof of Theorem 5.1. s € F5 because u 2 =u"!-1-u"!, so s7! € Uy. Suppose s~! € U;.
By §5.1 and Lemma 3.5, HO_1 has entries in Uy,. We check the hypothesis of Theorem 3.4 with
G = H = Hy and, for each Q, pg = v+ along v, (Example (a)), with k& chosen after Q) (the case
G = H, = vj of Theorem 3.4).
e Hy is a full atom over P. It is H3, an atom of C(u,v,w) = P by Lemma 5.7 below (the
case n =3, p = 2).
e Target. By Lemma 4.2(2) with r = 1, v11(Hg*) = 4 for every k.
e Denominators. For Q = Qs or xj, vp41 < 2. For Q = Bf, 0 # f e Vi = Fi, choose
k > e(f); Lemma 4.4 with ¢ = 1 gives VkH(B;Z"’) <2.

Since 4 > 2, Theorem 3.4 gives H; ' ¢ Ms(Us,), a contradiction. O

Figure 4 shows this comparison on computed examples, together with the corresponding compar-
isons in the proofs of Theorems 5.2, 7.2 and 7.3.

The proof needs both halves of the comparison. If H is not an atom the count says nothing:

2u~2 +v72 also gives 4 parts at level k+ 1, yet its inverse lies in Fy, because the matrix (2;‘22 u;fvg )

of §5.1 for the terms w2, u=2,v~2 is equivalent over P to diag(2u?, %uQ +v?). And with two axes
the target is 1 x 1: u? + v? has 2 parts at level k + 1, against the bound 2, so nothing is excluded,
as it must be, since (u=2 +v72)7t = v2(u? +v?)"lu? € B

Remark 5.4 (computations). Computed exactly (rational arithmetic, truncated series) on
the parabolic arc with a generic perturbation t*E; we say a border is ezcluded when its count at
level £ 4+ 1 is at most 2. The border of s is never excluded and its profile contains that of Hy;
the control (u=2 +v~2 + w17t = w?2Y " 1? with T = w? + v + v>w'u? € 1} has the target

2,2 2

H, = (u 1—; v u2u+ w> , and the evaluated matrix HJ* has the four parts (1,k,k+1,k+1), only
two at level k+ 1 (on - this follows from HJ* ~ diag(2c I, W + $I) with ¢ = t*™1, W = w* and

det(W + §12) = —c + %): as a target it would not exceed the bound on the allowed denominators,
consistently with its inverse lying in U;; a border with twelve exceptional binomials, commutators
of weight 2—4 that are trivial at y, and Engel words is not excluded for £ = 10 and is excluded for
k = 11,12,14; here e(f) = 11 (the binomials 1 — [z, [z, y]] and 1 — [[z,y], [z, z]] have parts (5,11)
and (7,11) under p;), so the bound of Lemma 4.4 (proved on ;) predicts exclusion for k£ > 12, and
at k = 11 the exclusion is a fact of the computation (supplement C07).

5.3. Consecutive strictness. Index the letters cyclically, u =0, v =1, w =2 (mod 3). Forr >3
take five chains 7 = 0, ..., 4 with letter sequences (¢ 1,...,47,), {7 € {u,v,w} (each letter is itself
a binomial, u =1 — (—1)x):

o for r = 3: (u,u,u), (u,u,u), (v,v,v), (v,v,v), (W, w,w);

o for r > 4: (by,br +1,...,b; + 17 — 1) with (bg,...,bs) = (u,u,v,v,w) (consecutive letters

distinct).
Let (ap,...,a4) = (w,v,w,u,v) and (wo,...,ws) = (lo,+1, lo,+2, 1, o, +1, ly,+1), where

the third entry is the scalar 1 and the others are letters mod 3. Define

4
(5.1) cpr:ZaTK;iCé-'%;},wT € Fr.
7=0
For example 3 = wu 3v + vu 3w + wv™3 + ww 3w + vw 3w and ¢, = wu v lw T e +
vu ol T w FwoTlwT e Fwo e e o w v e ol By design a;
differs from the first letter of chain 7 and w, from its last letter, and chains with the same letters
have different o and different w,.
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(a) Thm 5.1: U7, arc y, j=k+ 1 (b) Thm 5.2, r=3: U4, y5, j=(r— Dk+1
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Figure 4. Smith profiles on the exact arc: v; is the number of Smith parts > j (§3.2). In each panel the
target has more parts at the marked level j than any allowed denominator can have (orange band: the bound
of Lemma 4.4 in (a) and (b), of Lemma 7.7 in (c¢) and (d)). The orange curves are sample denominators,
computed exactly over F,[[t]/t" for two primes; they illustrate the bound and are not a maximum over X.
Curves are offset vertically by at most 0.25 for legibility; all values are integers. (a) Theorem 5.1: target Hy
on 7; the grey curve, the border of s € F5, is not an allowed denominator for ;. (b) Theorem 5.2 with
r = 3: target Q3 on s, level (r — 1)k + 1 = 11; here the target has 4 parts, Lemma 5.6 guarantees 3. (c)
Theorem 7.2: target F, on 7. (d) Theorem 7.3 with k = 6 on ~4: the curve is Fg, whose count at level
k + 1 equals that of its atomic factor Gg (Lemma 7.9(d)). Live version, each panel as a water level, in the
blueprint.

Let @, be the (57 +1) x (57 + 1) matrix over P, with L the direct sum of the five chain

w
0
blocks (letters ¢, ; on the diagonal, —1 above it), the row a carrying o, at the first position of chain
7 and the column w carrying w, at its last position. (This is the border B, of §3.4, with interior
coefficients 1.)

Lemma 5.5. The Schur complement of L in Q, is —p,. Over A = C[F(u,v,w)], Q, is associated
with I © (—p,). For every ringUd O Ey: o7 €U < Q' € M(U).
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Proof. L is triangular with letters (units of A) on the diagonal, and the inverse of the block of
chain 7 has (1,7) entry E;i x '6;}; block elimination gives the first two claims. The block inverse of
Q, uses only L~ (entries are products of inverse letters, in £), ¢, ! and the entries of o, w, which
liein A. (O

Lemma 5.6 (target profile). Let r > 3 and k > r + 1, v = . Each chain block of L7 has
exactly one part > (r — 1)k + 1. Hence v(,_1),41(L7) =5 and V(r—l)k+1(Q;‘y) > 3.

Proof. A chain block is equivalent to I & KZ,T . -@71 (the —1’s are unit pivots). For r = 3 the
product is U3 = t*1U, with parts (k + 2,2k 4+ 1). For r > 4 write U; = t(a;b; — t* "1 Ey;) with
a; = (1,it)", b; = (it,—1), so bea, = (a — b)t. If the letters of the product have indices i1, ..., 4,
with i; # 41, its leading term is ¢ - ¢"! [1;(ij —ij+1) @i, bi,, whose (1,2) entry has valuation
exactly 2r — 1; corrections have valuation > r + k — 1 > 2r. So the first invariant factor is 27!
and, as det U; = —t*+1, the second is t"*+D= =) Now rk—r4+1> (r—1)k+1 < k> r and
2r—1<(r—1k+1;forr=3,2k+1>2k+1>k+ 2. Five chains give v(L7) = 5, and Lemma
3.2(3) with m = 2 gives > 3. O

Lemma 5.7 (atoms).

1. Forn>2andp>1, Hy ) is an atom of Clui, ..., uy,).
2. Forr >3, Q, is an atom of P = C{u,v,w).

Proof of (1). Let R =[1 | I,,_1] € M(n—l)xn((c)a with columns 71 = 1 and r; = e;_1 for ¢ > 2,
and let U = diag(uy, ...,u). Then H,, = RUPRT. The matrix H,, is full, since H, ,(1,...,1) =
I+ 117 has determinant n. It is not invertible, since it vanishes at 0 (§2.2(a)). Put N = np — 1.

The pencil. For p =1let L = Hy,1 = RURT. For p > 2 take the vector v = (vg, vy, .. S Up—1)
with vg € C"! and v, € C", and let L be the N x N block matrix with

Lot = RU, Ly =1, (k>1), Lgpp1=-U(1<k<p-2), Ly10=-UR,
and zero blocks elsewhere. The block T" on the indices 1,...,p—11s I — N, where N is block strictly
upper triangular with U on the block superdiagonal. So T~! = Zm<p71 N™ is polynomial, and
(T~Y)1p-1 = UP~2. The Schur complement of T is —RUUP~2(—UR") = H,,. By §2.2(b),(c) it
suffices to prove that L is an atom.

Translation. Write L = Lo + »_, u;L;. Substitute u; = 1 + z;, an affine automorphism (§2.2(d)).
The new pencil has constant term K = L(1,...,1) and the same coefficients L;. Its determinant is
det K = det T'(1) - det(RRT) = n # 0.

Rank-p factorization of the coefficients. For ¢ = (c1,...,¢p) € CP let ;¢ be the vector with block
0 equal to 7;c1, block k equal to —e;cpr1 (1 <k <p—1). Let

v = (e]vr,...,e] v, 1, 1] vg) € CP.
Then L; = 1;5;. The map ¢; is injective, because its p components land in different blocks and
r;,e; = 0. The map s is onto, for the same reason. For p =1, ¢; = r; and s = riT.
Monic. We have Y, imL; = Y, im¢; = (3, span(r;)) & @B~ (3, span(e;)) = CV, because R
has rank n — 1. Next, (), ker L; = (), ker 5¢;: this forces v, = 0 for £ > 1, and Ry =0, so vy = 0.
Hence the row and the column of coefficients have rank N.
The transfer matrices. Let ¥; = K ~1;, injective. To compute v = 0;¢, solve Kv = t;c:
e blocks 1 <k <p— 2 give vg41 = Vg + €iCri1;
e block p — 1 gives v,_1 = RTvy — €iCp;
e block 0 gives Ruy = ric;.

Hence RR"vg = rjo with o0 = 17¢, and

vp=Gejo—e;y em (1<k<p—1), G=R'(RR")'R

m>k
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The matrix G is the orthogonal projector onto im RT = (ker R)*. Since ker R = (n) with n =

(17 _17 SRR _1)7 we have G = [ — l’lnT/Tl. Also ’I”;-I-’UQ = e;rGei o. Therefore
T
(5:2) s = gji 11T = 6Ny, gji = 0y — ==,

where (Np)gm, = 1 for m > k and 0 otherwise. In particular gj; = £1/n # 0 for i # j. (For p =1,
N; =0 and (5.2) reads r;»r(RRT)_lri = gji-)
Cyclicity. Let M = al11T — N, with a € C. Then 1 is a cyclic vector for M, and 17 is cyclic for
M acting on row vectors from the right.
e Since Mz = —N,z + a(172)1, induction gives span{M™ 1}, = span{N;*1},<, for every
q.
e The vector Nj'1 vanishes below position p—m and has entry 1 there. So these vectors form
a triangular basis.
e The row case is the same: 1TN;” vanishes at positions < m and equals 1 at position m + 1.

No invariant subspace. Let A; = K™'L; = ¥;5¢, and let W # 0 be invariant under all A;. Put
Mi = %Z"l%' = gii]_]_T — Np. Then Aznﬂz = ’l%Mlm, and AJQ% = gjiﬁjl]_—r for ] 75 1.
1. Pick w € W\ 0. By the monic condition some ¢ = sw # 0, and A;w = ¥;c € W\ 0.
2. Since ¢ # 0 and 17 is cyclic for M;, there is m with 3 = 1T M™c # 0. Fix j # i (possible
since n > 2). Then W 3 A;AT";c = Aj9;M["c = g;;89;1, so ;1 € W.
3. Then AT'9;1 = J;M"1 € W for all m. Since 1 is cyclic for Mj, imd; C W.
4. For every | # j, ¥je; € W by step 3, and Ajje; = glﬂ?lllTel =gl eW. Sol e W,
and by step 3 imJ; C W.
Hence W 2 3 ;imd; = K~13,imy = CV. By Lemma 2.1 the translated pencil is an atom; so
are L (§2.2(d)) and H,,, (§2.2(c)). O
The proof of (1) uses characteristic 0 only through g;; = £1/n # 0 and det K = n # 0, which
need char t n. This is consistent with Remark 8.1.
Proof of (2). Notation of §5.3: P = C({u,v,w), A = C[F(u,v,w)] D P, n = 5r + 1. Index the
coordinates by (7,4) (1 =0,...,4,i=1,...,r) and x. The nonzero entries of @), are:

T,

® Q(ri) (i) = lryi;

® Q(r,i),(r,i+1) = —1 for i <r;

L Q(T,r),* = Wwr, with W2 = 17
hd Q*,(T,l) = Qr.

Write Q, = Cy + uCy + vC, + wCy, with Cy € M, (C). Then Cy carries the —1’s and the entry
1 at ((2,7),*), and C; carries the positions occupied by the letter j.

Properties of the design (5.1), independent of r > 3. Let b, = ¢;; and L, = (;,.
Then (b;) = (u,u,v,v,w) and (a;) = (w,v,w,u,v). Also Ly = Ly, Ly = L3 = Lo+ 1 and
Ly = Lo+ 2 (mod 3), for r = 3 and for r > 4 alike, since L; = b, +r — 1 for r > 4. Finally
(wo, w1, ws,wq) = (Lo + 1, Lo + 2, Lo + 2, Ly). Hence:

e (P1) o # b, for every T;

o (P2) w; # L, for every T # 2;

e (P3) for each letter i, « is injective on {7 : by = i} (these sets are {0,1},{2,3}, {4}, with
a-values {w7 U}v {w> u}> {U});

e (P4) for each letter i, w is injective on {7 # 2 : L, =i} (these sets are {0,1}, {3}, {4});

e (P5) « takes at least two values;

e (P6) exactly one w; is a scalar, namely we = 1.

Claim 1. ¢, is an atom of A, and Q. is a full atom over A.
Proof. The exponent sum F(u,v,w) — Z grades A = @,,, Ap. A is a fir [Coh06, Cor. 7.11.8, p.
507|, hence a domain. For 0 # g € A let giop and gpo be its nonzero homogeneous components of
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largest and smallest degree, and wd(g) the difference of the degrees. In a graded domain (gh)iop =
GtopNtop and (gh)bot = Gbothbot, so wd is additive. Units therefore have width 0.
The five terms of ¢, are group elements:
. agfg% . '62*11“ of degree 1 — r, alone in that degree by (P6);
e four of degfee 2 —r, each with coefficient +1; their sum is nonzero in the group algebra.

So wd(p,) =1, ¢, #0, and ¢, is not a unit. Suppose ¢, = gh.

o If wd(g) = 0, then ghpot = (¢r)bot =: M, a group element. So g (hpeym ') = 1, and in a
domain a one-sided inverse is two-sided: g is a unit.
e If wd(h) = 0, symmetrically A is a unit.

So ¢, is an atom.

Over A the block L is triangular with units /,; on the diagonal, hence invertible. Lemma 5.5
then gives Q, = E (L @ (—p,)) F with E, F invertible, so @, is associated with I, ® (—¢;,). Thus
M(Qyr) =2 AJAy, is Tor-simple, and @, is an atom over A (§2.2(c)). @, is full because @,(1,1,1) is
invertible: L(1) is unipotent and the Schur complement is —¢,(1) = —5. O

Claim 2 (the eight conditions). For the design (5.1) and every r > 3:

o (EF) ﬂje{u%w} ker Cj = 0, and (EF) ﬂj ker CjT =0;
o (KF) KE :=kerCyn ﬂj# ker C; = 0, for i = u, v, w;
e (KH) KF:=kerCJ N ﬂj# kerC'jT =0, for i = u, v, w.

Proof. Columns e € C" and rows f have coordinates er;, ex and fr;, f«. We only use r > 2, so
that (7,1) # (7,7); the lemma assumes r > 3.

(EF) Let Cje = 0 for all j.

e For i <r, row (7,7) of Cp_,eis er;.
e For 7 # 2, row (7,7) of Cy,_e is ey, by (P2). Applied to 7 = 0 this gives e, = 0.
e Row (7,7) of Cp, e is er,, using (P2) for 7 # 2 and e, = 0.
So e=0.
(EL) Let fC; =0 for all j.
e For i > 2, column (7,4) of fCy, , is fr;.
e Column (7,1) of fCj is [by = j]fr1 + [ar = j|f«. Take j = ag # by (P1) to get f. = 0.
Then take j = b, to get fr1 =0.
(KE) Let e € KE. In Cge:
o row (7,4'), i <r,is —eriq1;
o row (2,7) is e,.
So only the coordinates e, survive. For j # i:
e row (7,1) of Cje is [by = jler 1, s0 ;1 = 0 unless b, = i;
e row * of Cje is ZT:QT:J- er.

On {7 : b, =i} the values o, are # ¢ (P1) and pairwise distinct (P3). So each surviving e, is
alone in the row-* equation for j = a,, and e = 0.

(KE) Let f e KL In fCo:

e column (7,7 +1), 7 <r, is —fru;
e column * is fo,.
So only fr, (7 # 2) and f, survive. By (P5) there is 7 with j := a; # i, and column (7,1) of
fCjis fs;s0 fu =0. For j # i
e column (7,7) of fCjis [L; = j|frr, so frr =0 unless L, = i;
e column * is ZTﬁ:wT:j frr
On {7 #2: L; = i} the values w; are # i (P2) and distinct (P4). So f=0. O
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Claim 3 (letter factors). Let A = Co+ 3 ;cqypwy CiJ be an n x n pencil over P with
N kerC; = 0, and let i be a letter. If there is a nonzero homomorphism M(A) — P/Pi, then
KCR(4) £ 0.

Proof.

1. Setting. A homomorphism M (A) — N is given by y € N™*! with Ay = 0, and it is nonzero
iff y # 0. The left ideal Pi is spanned by the words ending in i, so P/Pi has as basis the
words not ending in 7, graded by length.

2. Left action. Let a letter j act on such a word w. If w # 1, then jw is again a basis word,
and distinct pairs (j,w) give distinct words. If w = 1, then j- 1 is the basis word j for j # i,
and 0 for j = i.

3. Positive degree is impossible. Let 0 # y =Y yww with y, € C", and let D be the largest
length occurring. If D > 1, the component of Ay of length D + 1 is Zj Z|W‘:D(ijw)jw.
By step 2 it vanishes only if C;y, = 0 for all j, that is yw € ﬂj ker C; = 0, a contradiction.

4. Degree 0. So D =0 and y = e -1 with 0 # e € C". Then Ay:COe-i—i—E#iCje-ij.
Since 1 and the j (j # i) are linearly independent, e € K. O

The converse also holds: if 0 # e € K, then Ae = (Cje)i. Completing e to a basis splits off the
right factor diag(z,1,...,1). We do not need it.

Proof of (2), conclusion. @, is full, and it is not invertible over P because it is not invertible over
A (Claim 1). Suppose @, = F'G with F, G full non-invertible n x n matrices over P.

e One factor becomes invertible over A. F and G stay full over A: if FF = AB through a
smaller size over A, then @, = A(BG) would not be full over A. As @, is an atom over A
(Claim 1), F or G is invertible over A.

Case 1: G invertible over A.

1. P is a fir [Coh06, Cor. 2.5.2, p. 135], hence fully atomic [Coh06, Prop. 3.2.9, p. 197]|. So
G = G'Gq with G an atom over P.

2. Over A, (G7'G")Gy = 1. A embeds in a field, so it is weakly finite, and G is invertible over
A. Thus Gfl has entries in the subring of D generated by P and !, v~ w™!, which is
U u,v,w}:

3. B; Len}lma 3.1 (with ¥ = {u,v,w}), G; is stably associated with u, v or w, say with i. Over
C one can use instead [HKV22, Thm 2.12, p. 10]: G;(X) is invertible whenever X, X,, Xy
are invertible, so the free locus of G lies in that of uvw, and the proof of [HKV22, Thm
2.12| (p. 11) matches G with one atom of u - v - w.

4. Hence M(G1) = P/Pi (§2.2(c)). Since P*"Q, C PY*"GY, there is a surjection M(Q,) —
M(G1) # 0.

5. By Claim 3, which applies by (E®), KF # 0. This contradicts Claim 2.

Case 2: F invertible over A.

1. Asin Case 1, F = FF’ with F; an atom, invertible over A and stably associated with a
letter .
2. Let * be the anti-automorphism of P that reverses words. It fixes u,v,w and scalars, and
extends to matrices by A* = (aj;), so that (AB)* = B*A*.
3. Then Qf = QI = (F'G)*Fy, and Fy is stably associated with i* = i.
4. Claim 3 applies to QT = CJ + Zj C]Tj by (EF), and gives KF # 0. This contradicts Claim
2.
Hence @, is an atom of P. [
Remarks on (2).
1. The atom argument uses only the first and last letters of the chains, o, w and (P6). The
condition “consecutive letters distinct” is used only in Lemma 5.6.
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2. The six conditions (K£), (KL) are necessary as well: if one fails, the converse after Claim 3
splits off a letter (the cofactor is not invertible, since @, is not invertible over A). Conditions
(Ef), (EF) are not necessary: (7 §) is associated with diag(1,y), an atom, and is not monic.

3. Lemma 2.1 and [Coh06, Thm 5.8.8] are not needed for Q.

5.4. Proof of Theorem 5.2. For r = 1: the element S3 = v ' + v ' +w™! € V| = F; has
S;' ¢ Ey = Up. This is Theorem 3.4 with u the corank at x (Example (b), a homomorphism
P — M;(C); the case G = H, p = corank of Theorem 3.4), with target H3; = diag(v,w) + 11T
(an atom, Lemma 5.7(1) with n = 3, p = 1): at x, Hs; vanishes and has corank 2, while every
Q@ € ¥ has corank < 1 there (the pivot T' of Qs evaluates at x to an invertible triangular matrix,
since x; — —1, s0 Q% is equivalent to [ @ sX; and x} = —1). For r = 2: Theorem 5.1, since s € Fo.
(The case r = 1 also follows from [HS15, Thm 4.6] by two pivots; see §8.8.)

For r > 3: ¢, € Fp, 50 ¢, ' € U,.. Suppose ¢! € U,_1. By Lemma 5.5 and Lemma 3.5, Q! has
entries in Uy, _,. Apply Theorem 3.4 with G = H = @, (a full atom, Lemma 5.7(2)) and pg = v;
along v, 7 = (r — 1)k + 1: given @ € X,_1, choose k > max(e(Q),r). Then v;(Q*) > 3 by
Lemma 5.6, while v;(Q7) < 2 by Lemma 4.4 (with ¢ = 7 — 1) or by the remark after it for Q € Xy.
Contradiction. O

5.5. Proof of Corollary 5.3. g, € Fo, (u~?" is a product of 2r inverses of u), so g, ! € Ua,.
Suppose g, ! € U.. By §5.1 and Lemma 3.5, H3_71r has entries in Uy,,. Apply Theorem 3.4 with
G = H = Hsp, (an atom, Lemma 5.7(1)) and pug = v; along v, j = rk + 1: for Q € 3, choose
k > e(Q). By Lemma 4.2(2) all four parts of Hj%, equal r(k +1) > rk + 1, so v; = 4, while
vj(Q") <2 by Lemma 4.4 with ¢ = r, or by the remark after it for Q) € £y. Contradiction. O

5.6. More axes. Proposition 5.8. Let N > n > 3, A = C[Fy]|, u; = 1+ z;, and form Ey, V;
over A. For s, =3, u;* we have s;* € Uy and s;,' ¢ E1[V; ']
Proof. The proof of Theorem 5.1 applies with three changes.

e The arc sends every letter to the exact arc, u; + U;_1(t,t*) for i = 1,..., N; Lemma 4.1,
the trace law and Lemmas 4.3-4.4 hold verbatim for distinct indices. (Sending the extra
letters to —I does not work: 1 — [z, z1] then evaluates to 0.)

e The target is H, 2, with §5.1 read with uy in place of v. Its 2(n — 1) parts all equal k + 1,
since det(117 + I,,_1) = n, against the bound 2 of Lemma 4.4.

e H,» is an atom of Py = C(z1,...,zn). The translated pencil of the proof of Lemma
5.7(1) is a pencil over Py whose coefficients at x,t1,...,xx are zero. Zero coefficients
change neither the ranks of the row and the column of coefficients nor the common invariant
subspaces of the M;. So Lemma 2.1 applies over Py, and §2.2(b)—(d) give the claim as in
Lemma 5.7(1). O

Remark 5.9 (beyond ;). In the setting of Proposition 5.8, with I, and D’ formed over
A = C[Fy] (§2.4, §7.2), s;! ¢ T"_, for 3 < n < N; in particular s;' ¢ T, D D' for N > 4.
The proof is that of Theorem 7.2 (§7.5) with H, o in place of Fy. If s;1 € T _,, Woodbury with
A, = diag(u3, ..., u2) gives Hg% =A - AN AL € My—1(Usy ) (85.1, and Lemma 3.6
with a =n — 2, §7.2). H, 2 is a full atom of Py and its 2(n — 1) parts at v all equal k + 1 (proof
of Proposition 5.8). For Q € X/ _, and k > e(Q), vk+1(Q"™) < 2(n —2) (< 2 for @, x; and the
borders of U; by Lemma 4.4 and the remark after it, < 2(n —2) for B by Lemma 7.7; their proofs
use only Lemma 4.3, which holds on the arc with N axes), and Theorem 3.4 gives a contradiction.
For n = 3 this is Proposition 5.8, since I'jy = U;. Finally D’ C T", by Lemma 7.6, whose proof uses
only that each element of D, = Vi3 U Dy, 11D,+1 (read as a set, as after Lemma 7.4) lies in V; or
is pure. We do not claim here that n[n] is a stopping step of the series over C[Fy] for n > 4; that
would need Lemmas 2.2, 7.4 and 7.5 over Fl.
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6. THE SIZE CHAIN (THEOREM B(11))

Question. Is the binomial hierarchy all of Es, and does the size of the inverted matrices give a
second hierarchy? No, and yes. The arc of §4.1 compares Smith parts at level gk + 1, which grows
with the number ¢ of inverse binomials, so it cannot bound all of Ry;, at once; the corank at the
quaternion curve of §4.2 is bounded by 2a for every a X a border, whatever its depth.

With &,n,(,c as in §4.2, for d > 2 let

Fy= (& =) a+(0*—*Da+cCa,  pa=(F; ),
with Dg = diag(3,4,...,d + 2) and Cg4 the cyclic permutation matrix with (Cg);i+1 = (Cq)a1 = 1.
Theorem 6.1. For every d > 2, pg € AgN Es and pg & Wa_1. Consequently
1. Uso = Wi N Ey C Ey; a witness is py = (p1 — ch_lc)*1 with p; = &+ (5 +1)n* — (j +2)¢3,
the diagonal entries of Fd;
2. A1 NEy C AgN Ey and By—y C By for every d > 2, and | J, By = E».
Theorem 6.1 is proved by a corank comparison at the quaternion curve © of §4.2: every binomial

is invertible at © (Lemma 4.5), so every border of a full a X a matrix over Ry, has corank at most
2a, while Fd® = 0 has corank 2d.

6.1. The witnesses. For A\ € Cput gy =&+ A —1)n* =A% € A, and pj = qj42 =+ (§ +
1)n? — (j + 2)¢2, the j-th diagonal entry (€2 — n2) + (j + 2)(n? — ¢2) of F;. Then

p1 ¢

Py = p2 N _ ()
e | C 1

c Pd

Thus F», = F with A\ = 3. The orientation of the cycle matters: with c on the superdiagonal

and in position (d, 1),

(6.1) pa= (B = [+ (-0 epytepstepyte]

With the transposed orientation (¢ on the subdiagonal and in (1,d)) formula (6.1) is false for d > 3.
Proof of (6.1). Write EFy = (2;1 1]3d> with b = ce], a = ceq_1 and Ty upper bidiagonal with

P2, ...,pq on the diagonal and ¢ above it. Then T(;l has entries in E1q,

(T D1a-1= (=1 pylepyt--epyt,  o=p—bTjla=p +(-1)"epyle---prle,

where o is the Schur complement. The block inverse

A1 ot —o b7t
(62) Fam= (—Td_laal Tt —|—Td_1aad1de_1>
gives pg = 0!, once o # 0. This holds because Fy(1,0,0) = I (at (£,7,¢) = (1,0,0), ¢ = 0), so Fy
is full (a non-full matrix over P factors through a smaller size and is singular at every point); since
T, is invertible, the block LDU factorization gives o # 0. [

Lemma 6.2. (a) For Q € ¥ corankQ® < 2b. (b) Fde =0, so corande@ = 2d; likewise
(FON® =0 for every \. (¢) For d > 2, Fy is a full atom over P; for A € T := C\ {-1,0,1,2},
FO s a full atom over P.

Proof. (a) For Qs (s € A) the pivot block is triangular with ©(z;) on the diagonal, invertible,
so corank Q¥ = corank s® < 2, also when s® = 0 (e.g. s = ¢). O(z;) has corank 0. In BY the
triangular pivot evaluates to an invertible matrix (©(z;) on its diagonal), and its Schur complement
is Bg, since O is a ring homomorphism on A. In Bg the block L® is block upper triangular with
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the 2 x 2 blocks ¢© on the diagonal, invertible by Lemma 4.5. Taking Schur complements does not
change the corank, so corank Bg is the corank of a 2a x 2a matrix over C(t), at most 2a < 2b. (No
element of Ry, is evaluated at ©; only the polynomial matrix Bg is.)
(b) ¢ =21+ (A—1)=ANI=0and ® =0.
(c) We prove a slightly more general statement.
Claim. Let C,D € My(C) satisfy:
e (H1) C and D have no common invariant subspace other than 0 and C%;
e (H2) D is invertible;
e (H3) E:=D — 1 — C? is invertible.
Then F = (€2 —n*)I + (n? — (?)D + cC, with ¢ = &n +n€, is a full atom of P = C{¢,n,().
Proof. Let L = Ag + {A¢ + nA, + (A¢ be the 4d x 4d pencil:

0 &I+nC &C+nD-1) —(D

e 0 0
L= —nl 0 I 0
—CI 0 0 1

Its lower right block is I34, and the Schur complement is ({1 +nC)E+ (EC +n(D —1))n — (D¢ =
EI+cC+n*(D—1)—(?D = F. So L is stably associated with F (§2.2(b)). F is full, because
F(1,0,0) = I, and not invertible, because F(0) = 0.
Monic. Write vectors as (v, v1,v2,v3) in blocks of size d. For a row f:
fAfz(_flvaafOC>O)a fAT):(_f27f007f0(D_I)70)7 fAC:(_ffivaOv_fOD)'
If all three vanish, then f = 0. For a column v:
Aev = (v1 + Cvg, —19,0,0), Ayv = (Cvy + (D — I)v2,0,—v9,0), Acv = (—Dws, 0,0, —vp).

If all three vanish, then vg = 0, v1 = —Cvg, Evy = 0 and Dvs = 0, so v = 0 by (H2), (H3).
Normalization. Substitute £ =1+ ¢’ (§2.2(d)). The constant term becomes

0 I C o0
-1 I 0 0 -

K=LL00)= o ;7 ol K Wovny2us) = o=y —Cyz yo— Cy2, y2, 3)-
0 00 I

By Lemma 2.1 it suffices to show that M, = K~'A, (a = &,7, ) have no common invariant subspace
W # 0 other than C*¢. Use the coordinates z = (vg, v1 + Cva, v2, v3), an invertible change. A
direct computation gives
Mgz = (Zo + 21, 21, 0, 0), MCZ = (—DZ3, —Dz3, 0, —Zo),
Myz = (Czy+ Cz1 + Ezy, Cz1 + Ezp, —2p, 0).

The polynomials P = 2M¢ — Mg and N = Mg — Mg in Mg act by Pz = (20, 21,0,0) and Nz =
(21,0,0,0). Let By be the k-th block subspace.
1. W meets By. Let 0#£ 2z € W.
o If 2; # 0, take Nz.
o If 2y =0 # 2, take Pz.
o If 29 = 21 = 0 # 29, take NM, 2z = (E22,0,0,0), nonzero by (H3).
e Otherwise take NM¢z = (—Dz3,0,0,0), nonzero by (H2).
2. Bo CW. Let Wy ={a: (a,0,0,0) € W} # 0. On By we have PM,(a,0,0,0) = (Ca,0,0,0)
and NMg(a,0,0,0) = N(Da, Da,0,0) = (Da,0,0,0). So Wy is invariant under C' and D,
and Wy = C? by (H1).
3. The other blocks. Let a € C.
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e M(a,0,0,0) = (0,0,0,—a) gives B3 C W.

e My(a,0,0,0) = (Ca,0,—a,0), minus (Cq,0,0,0) € By, gives By C W.

e M,(0,0,a,0) = (Ea, Fa,0,0), minus (Faq,0,0,0), gives (0,Fq,0,0) € W. By (H3),
B CW.

So W = C*. By Lemma 2.1 and §2.2(c),(d), F is an atom. [J

Now P = C(z,y, 2) = C({,n,() via the affine automorphism £ = = — 1, etc. (§2.2(d)). By the
Claim it suffices to check (H1)-(H3).

Fy: D =Dy = diag(3,...,d+2), C = Cg.

e (H1) is classical. A subspace invariant under a diagonal matrix with distinct eigenvalues
is spanned by the coordinate vectors e;, ¢ € I: the projections onto the eigenlines are
polynomials in D. Since Cge;41 = e; and Cye; = eg, the set [ is closed under ¢ — ¢ — 1
(mod d), so it is empty or everything.

e (H2) holds, since the diagonal entries are > 3.

e (H3): E=(Dg—I)(I —(Dg—1I)"'C%). Row i of (Dg — I)~'C2 has a single nonzero entry
1/(i+ 1), so the co-norm is 1/2 < 1, and the Neumann series inverts the second factor.

FN:d=2, D=diag(\,A\+1), C = (9§)- The diagonal entries of F are £2+(A—1)n*—A(? = gy
and ¢x+1, and the off-diagonal ones are ¢, so F' = FO,

e (H1): D has distinct eigenvalues, and neither coordinate line is invariant under C.

e (H2) «<— X ¢{0,—1}.

e (H3): E =D —2I =diag(A — 2, X — 1), invertible iff X\ ¢ {1,2}.

Note Fg =FG. 0O

Remark. For A € {—1,0,1,2} the pencil is not monic (the column condition of the proof fails:
ker D or ker E is nonzero). This says nothing about whether F(M is an atom: 7T is sufficient, not
maximal.

6.2. Proof of Theorem 6.1. Fix d > 2. Fj is a full d x d matrix over A (proof of (6.1)), so
pd € Ag. By (6.2), 0 € Eyand 0 #0, 50 pg =0~ ' € Es.

Suppose pg € Wy_1. Since By € W; € W41 and Td_1 has entries in E7, (6.2) gives Fd_l IS
My(Wy_1) = My(Usa-1)). Apply Theorem 3.4 with G = H = Fy (a full atom, Lemma 6.2(c)),
Y = 2@ and, for every Q, pg the corank at © (Example (b) with K = C(t); the case G = H,
p = corank of Theorem 3.4): corank FI¥ = 2d > 2(d—1) > corank Q® for every Q € ¥4~V (Lemma
6.2(a),(b)). This is a contradiction, so pg ¢ Wy_1. (Figure 3(b) shows both sides of this comparison
for d <6.)

The consequences: Ag_1 C Wy_1, 80 pg € (AgN E9) \ Ag—1 and pg € By \ Bg_1. For d = 2,
WiNEy; =Usx (§2.1), s0 p2 € E2 \ Uso. Finally | J, By = Eo: a nonzero e € E; has a representation
e =5 —uM v with M full over A [Coh06, Thm 7.1.2(d)], with X the full matrices over A, since
the X-rational closure of A is a subfield of D containing A, hence all of D; then N = (Aj };)
is full over A of some order n and e~ ! = (Nfl)m € A, C W,; Es is generated by F; and such
inverses, and the W}, increase. [J

The strictness of the chain Aj alone does not need Lemma 4.5: with ZS') = Yo U {lifts of full
a x a matrices over A, a < b} one has Ay = Uy (as in Lemma 3.5), and the lifts carry only the
pivots x;, which are invertible at ©, so their cora%k is at most 2a directly. Lemma 4.5, whose proof
amounts to the freeness of the group generated by 1 + 2i,1 4 2j,1 + 2k modulo scalars, is needed
only for Wy, that is, for U, C Eo and for By_1 € By. For the witnesses fj, the character y already
suffices (Remark 7.11); it does not detect py, since F " = 8Cy is invertible.

Remark 6.3 (a candidate second witness for part (1)). An earlier route suggests a second
witness. Let @ € C be transcendental, 7/ = 1+x;+0z;11 (indices mod 3) and gy = >, (/%)% € E.
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We expect g, Le B, \Uso but do not prove it; it is not used. The argument would be the same corank
comparison (4 > 2) at the point X; = \gI+T;, \g = —1/(1+0), T; = (N; —ON; 11 +0?N;12)/(14+603),

.9 .
N; = <;2tt3 ¢ >, where I + X; + 0X;41 = N; with N? = 0, so that the target Hs (7, 7], 75)

—it?
vanishes; the target is an atom because (xg,x1,29) — (70,7, 7 is affine with linear part of

determinant 1 4 62 # 0. The missing step is that no allowed binomial is identically singular on the
curve, det(I — Sh(X(t))) # 0 for all h # 1 and S # 0; the route assumes 6 transcendental, and for
0=21, i some binomials do become singular on the curve. We prefer the integer witness ps.

Remark 6.4 (the symmetric curve fails). With § =1, i.e. 7/ =1+ 2; + 241, the analogous
argument breaks: on the whole variety where 7, 71, 7} are nilpotent, the commutator h = [xy, yx]
(a word with exponent sum 0) is unipotent, so 1 — h degenerates. The reason is an identity in
GLy: iftrX =trY = -l and Z = [ + X +Y satisfies Z2 = 0, then (XY )(YX)(XY) 1 (Y X) ! =
I+(det Xt —det Y1) Z. If 7, 7|, 7 evaluate to nilpotent 2 x 2 matrices, then tr(I+X;+X;11) =0
for i = 0,1,2, so every tr X; = —1, and the identity applies with X = Xy, Y = X7 (supplement
C26).

7. THE DUBROVIN-GRATER-HANKE SERIES (THEOREM C)

Question. Where do the two hierarchies meet the complexity series of §2.3, i.e. which strata are
stopping steps? The steps byx x, for every k > 3. For this the binomial bound and the size bound
must be combined (Lemma 7.7), and an atom is needed for every k (Lemma 7.9).

7.1. Results. The rings D', I'y, T, and I", are those of §2.4.

Theorem 7.1. For every k > 3 the step bpxx = k[r] is a stopping step of the series of §2.3, for
D and M = C*F3 in Jakobs’ formulation [Jak19, Def. 1.1.4]. When the inversion pointer reaches
bpxx, the ring built so far lies in T'y,_, N Eo; for k = 3 it is exactly Uy = E; Vil A witness is
s=u?+v 24w fork=3 and f = u 2 +w 2+ Zf:_f yiu"2y~ for k > 4 (Y below is a
second witness for k =4). In particular infinitely many stopping steps occur while the ring built by
the series 1s still inside Fo.

That the series has infinitely many stopping steps in total already follows from [HS15, Thm 4.6]:
Cases 1 and 2 of the series do not raise the inversion height and each Case 3 raises it by at most
one, while the union of the series is D [Jakl9, Def. 1.1.4| and the inversion height of A in D is
infinite. What Theorem 7.1 adds is that infinitely many of them occur inside the second stage, and
which strata they are.

Theorem 7.2. Let ¢y = w2 +v 2+ w2 +yu2y~t. Then ¢y~ € Uy and v~ ¢ T). Since
D' C Ty CTY, this gives Uy € D' C Us. Moreover Us, and Ty are incomparable.

Theorem 7.3. For every k > 4, fr. = v 2 +w 2 + Zf:_f yu=?y~" is a sum of k elements of
Dy, and f;,1 ¢ T .

Theorem 7.3 with £ = 4 and Remark 8.2 give f4_1 € Uy \ T, the separation of Theorem 7.2
with another witness; ¢ has a nine-dimensional linear certificate of atomicity (Lemma 7.8), while
fir needs the grading argument of Lemma 7.9.

The proof of Theorem 7.3 needs an atom for every k. On P the harmonic matrices need not be
atoms: they can split off factors stably associated with a letter (Remark 8.3). We avoid this in two
ways: we choose targets in the group algebra of the free group on w, y, w, where a grading argument
proves atomicity uniformly (Lemma 7.9), and we apply the obstruction to one atomic factor instead
of to the whole matrix (Theorem 3.4).

7.2. The ring reached at k[r|. Lemma 3.6 holds with 2 replaced by a (its proof does not use
a < 2), with ¥/, = X1 U{Bys : M full over V; of size < a}; over C[Fy]| the same holds with X, ¥4
formed with z1,...,xN.
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Lemma 7.4 (compression at level k). Let k > 3 and let 0 # f € D" +V; withn < k— 1.
Then f~' € T} _,.

Proof. Write f = cll_1 + -4 d;,l + 7 with n’ < n pure summands and r € V4 (§2.3; V4 is closed
under sums). If n/ <2 then f = dfl + d;l + 7, dfl + 7 orr, and

[t =do(dirdy +di +do)"'dy,  (I4dir)'dy or Tl

with dyrds + dy + ds, 1 4+ dyr € Vi, so f_l e U C F;€72. If n' > 3, then £ > 4. Put Y =
dirds +dy +dy € V7 and
Y di1],
M= <—1n/_2d2 diag(dg,rf . 2, dn/)> < Mnl_l(‘/l).
The Schur complement of the diagonal block is Y + dy (ZZ->3 di_l)dg =difdy # 0, s0 M is full and
f_l = dQ(M_1)11d1, withn —1<k—-2.0

The hypotheses of Lemma 2.2(4),(5) hold. 1f D7 C Di(J_l) + V1 for some j > 2, then by
induction D™ C D:(]_l) + ¥ for all n > j. For j < 3 this puts s € DﬁQ + Vi, and then s~ € U
by Lemma 7.4, against Theorem 5.1. For j > 4 it puts f; € Di(rl) + V1, and then fj_l € F;_Q by
Lemma 7.4, against Theorem 7.3. If D,11D,11 C Vi, then Vi would be a ring containing s, and
st € Uy. (Theorems 5.1, 7.3 and Lemma 7.4 do not use the series; in them D, may be read as the
set V1 U Dyy1Dy 41, which is defined without the hypotheses of Lemma 2.2(4),(5).)

Lemma 7.5 (the ring reached at k[r]). Let k > 3, and let D, be the ring built by the series
when the inversion pointer reaches bpxx. Then D, is generated by Uy and the inverses of the
nonzero elements of D"+ Vi, n <k —1;U C D, CT}_,NE>; and for k=3, Dy =U,.

Proof. By Lemma 2.2, every stratum born before k[r] is contained in A, in V4, or in DI" + 1
with n < k — 1. By §2.3, at the Case 3 where the pointer reaches by xx the current ring contains
D> ! for every earlier stratum -, whether v was a stopping step (its inverses were adjoined there) or
not (the pointer passed it at a Case 3 where its inverses already lay in the ring); and between two
Case 3 steps Cases 1 and 2 only add sums and products. So D, is generated by A and the inverses
of the nonzero elements of all earlier strata. Conversely, for n < k — 1 the elements of D" +V; are
the sums indexed by the multiset n[r] + [0] < k[r]; since Case 1 selects the least multiset with a
new sum (Lemma 2.2(5)), they already lie in the set built before by x x, so the inverses of its nonzero
elements lie in D,. These inverses lie in F1, in Uy, or in I',_, by Lemma 7.4; and D, contains At
and Vl_l, since D, = A and D, = Vj are earlier strata. This gives the first two claims, and the
third because I} = Y. Finally U; C Ey and D"+ V) C Fj, so the inverses of its nonzero elements
lie in Fs. O

Lemma 7.6 (D' C Ty). Let e € DF3 be nonzero.

L. Ife=d;' +dy' 4+ d3' is a sum of three pure elements, then Hz = (dl +d dy )

dq dy + ds
My(A) is full and e™' = dy — (dy dy) Hy' (') € Ts.
2. Otherwise e € U;.

Proof. (1) H3 = A + 1d;17 with A = diag(da, d3), and e = all_1 +1TA~11; Woodbury gives the
formula, and Hj is full iff 1 +dy(dy" +d3') = die # 0. (2) With two pure summands and one in
Vi,e=pt+q¢d +rande !t =¢rd +p +¢) ' with p'r¢’ +p' + ¢ € V1 (Lemma 7.4); with
one pure summand, (d=! +7)~1 = (1 +dr)~'d with 1 + dr € V4; with none, e € V;. I

7.3. The bound 2a. We use the presentations By, By of §3.4 and e(M) of §4.1.
Lemma 7.7 (the bound 2a). For every j > 1, v;(B)f) < 2a+ >, v;((3%). In particular
vi+1(B}) < 2a for k > e(M).
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Proof. Over R; = C[[t]]/¥’, a square matrix N of size n satisfies v;(N) = n — u(im N), with
p the minimal number of generators. Let n = 2a 4+ 2m be the size of B}, and pr the projection
onto the last 2m coordinates. Then pr(im Bys) = im[—C A] D im A. An image of a module needs
no more generators, and neither does a submodule, viewing Rj-modules as C[[t]]-modules with the
same p (R; = C[[t]]/#’ is not a principal ideal domain, but C[[t]] is), so u(im Bys) > pu(im A) and
vj(Bu) < 2a+2m — p(imA) = 2a + vj(A) = 2a+ > v;(ls). For k > e(M), every £J* has largest
part at most k (Lemma 4.3: units, exceptional binomials with parts (1, %), the others with parts
< k), 50 v41(£2%) = 0. The pivots of the lift are units on the arc. O

For a = 1 this is the bound 2 of Lemma 4.4 with ¢ = 1. The bound 4 is attained: diag(u?,v?)
and Hz(u?,v%, w?) have four parts equal to k + 1. A presentation as in Lemma 7.4 places dy, do, d3,
whose evaluations may have parts k£ 4+ 1, in the matrix block, where they are bounded by size; a
presentation that put them in A would only give < 8.

7.4. The target for ¢. Let A, = diag(v?, w?, yu?y~1), Hy, = Ay + u?J3 (J5 the all-ones matrix)
and

u? + v? u? u2y
Fy = Hydiag(1,1,y) = u? u? + w? u?y € Ms(P).
u? u? yu2 + u2y

Lemma 7.8. (a) Fy is a full atom over P. (b) For every k > 1, FJC = " ((Is + J3) ®
Ig) diag(I,1,Y) with Y = gy, detY = 1 — tFT1; hence all siz parts of FJ’“ equal k + 1 and
Vk+1(F$k) = 6.

Proof. (b) u?,v%,w? + t*1] (Lemma 4.1), central; det(l3 + J3) = 4; and det(U — I) =
1 —trU +detU =1 —t**1 for U = v, a unit of C[[t]].

(a) Let Q = Qo + uQy + vQy + wQy be the 9 x 9 pencil with nonzero entries (row, column,
coefficient)
e Qo: (i,4,1) fori=4,...,9;
e Q: (1,4,1), (2,4,1), (3,4,1), (3,7,—-1), (4,1,-1), (4,2,-1), (4,3,1), (4,9,1), (7,3,—1),
(8,7,1);
e (Q,: (1,5,1), (3,8,—1), (5,1,—1), (9,3, 1);
o Qu: (2,6,1), (6,2,—1).

Tts block Qa9 (rows and columns 4-9) is I + N with N? = 0, so Q5) = I — N is polynomial,
the Schur complement of Q2 is exactly +Fy, and Q ~ Fy @ I over P. The pencil is epic (the
stacked coefficient matrices have rank 9 both ways). At u =v = w = 2, det Q(2,2,2) = 256, and
K; =16Q(2,2,2)7'Q; (i = u,v,w) are integer matrices. With r = (0,0, —1,0,0,0,-2,4,1)T and
£=(2,0,-2,0,2,0,0,3,0),

(7.1) K2(K? — 12K, 4+ 481) = 2048 r¢,
and, writing K, = K,,, Ky, - - - for a word w (left to right),

56 49
(7.2) det[K,r] o =5-2  det[K,] _,=2",

with R = (&, u, uu, vu, wu, vuw, vuu, vou, vou) and O = (, u, w, uu, UV, WU, WW, uuw, uuv). By
(7.1) the rank-one matrix rf is a polynomial without constant term in K, so it lies in the algebra
generated by the Kj;; by (7.2) the vectors K,r and the covectors £K, form bases, so the products
K, (rf)K,, span My. The translated pencil is monic with invertible constant term Q(2,2,2), and its
normalized coefficients generate My, so it is an atom by Lemma 2.1; the shift is an automorphism
(§2.2(d)) and Q ~ Fy ® Is (§2.2(b),(c)), so Fy is an atom. Q(2,2,2) is invertible, so @, and with
it Fy, is full (§2.2(a),(b)). O
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7.5. Proof of Theorem 7.2. u ™2 =« !-1-u~! and yu=2y~! has outer coefficients y,y~! € A,
so ¢ € Fp. By Lemma 7.8, Fy is full, so Hy, = Ay(I + A;lluQIT) is full, and since I 4+ ab' is
invertible iff 1 4+ b'a is, u?¢ # 0; hence ™1 € Uy. Also yu2y~' = (yuy™') " (yuy=!)~! with
yuy ' =1+ yzy~! a binomial, so 1 € D4

Suppose ¥~ € T'. Since Hy = Ay + 16217 and ¢ = w2 + 1TA;11, Woodbury gives HJI =
Ayt = AT ITAL with Ayt € M3(E), and Fj' = diag(1,1,y™ 1) H,' € M3(T'h) = M3(Usy)
(Lemma 3.6). Apply Theorem 3.4 with G = H = Fy, and pug = vg41 along 7 (the case G = H,
p = v; of Theorem 3.4). Given @ € X, choose k larger than e(Q): then vy (Q7) < 2 for Q = Qs
or x; and for the borders of ¢ (Lemma 4.4 with ¢ = 1), and < 4 for Q = By, (Lemma 7.7). Since
Vk+1(Flk) = 6 for every k (Lemma 7.8), this contradicts Theorem 3.4. Hence ¢! ¢ I'}.

D' C Ty CTY by Lemma 7.6, so ¢~ € U \ D’. Each element of Dy lies in Fo, so D' C Us; and
s=u2+v 24w 2 e D3 gives s~ € D'\ Uy by Theorem 5.1. Finally ¢p=! € Uy C Uy, and
Y1 ¢ Ty, while py € Ty (Fy is a full 2 x 2 matrix over A) and py ¢ Uso (Theorem 6.1). Both rings
lie in Ey: Uso € Eo (§2.1), and for a full 2 x 2 matrix over A a pivot (after a permutation if needed)
leaves a Schur complement in E7, so the entries of its inverse lie in Fo. [

7.6. The targets for every k: proof of Theorem 7.3. For m > 2 let

m
fr=u4+w?+ Z yiu 2y~ (k=m+2),

i=1
Ay = diag(w?, yuly= L, .. y™uly™™), Hy = Ap + u?Jp_q and F, = Hpdiag(l,y,...,y™) €
M;,_1(P), whose entries are u?y® + §y*u? (y° = 1 and w? in place of y°u? for the first index).
Let Ay = Plu!,y ', w™!] C D. The automorphism of P fixing y with z +— 1+, 2 — 1+ 2
extends to D (by the universal property of the universal field of fractions) and maps A onto Ay, so
Ay = C[F(u,y,w)] is the group algebra of the free group on w,y,w; it is a fir [Coh06, Cor. 7.11.8,
hence a weakly finite domain, and its units are trivial [Jak19, Thm 1.3.10].

Lemma 7.9. (a) f is an atom of Ay. (b) F}, is full, and an atom over A,. (c) No atomic factor
of Fy, over P is stably associated with u or with w. (d) In a complete factorization of Fy over P
ezactly one atomic factor Gy is not stably associated with y, and v 1(G)*) = 2(k — 1) for every
Kk > 1.

Proof. (a) Grade A, by the exponent of w and put T = > 1", y'u"2y ™%, so that f/ = wfrw =
1+ wTw has components in degrees 0 and 2 only. Let f' = gh. The extreme components multiply,
and the lowest ones give gohe = 1, 0 g4 1S a unit, i.e. a scalar times a group element; replacing g, h
by 99,1, guh We may assume g, = h, = 1 in degree 0. The widths of g and h add up to 2. If one of
them is 0, that factor is 1. Otherwise g =14 g1, h = 1 4+ hy with g1 + h1 = 0 and g1h; = wTw,
so —g? = wTw. For a bi-invariant order of the free group the leading word of a product is the
product of the leading words, so the leading word of wT'w, which is one of the distinct reduced
words W; = wy'u"2y *w, would be a square. But W is cyclically reduced, so a square root of it
would be cyclically reduced and W; = hh as words; the first letter of W; is w and the letter in
position i + 3 is w~!. Hence f’, which is not a unit, is an atom, and so is f = w™ f'w™'.

(b) Over A, Ay is invertible and Hy = Ap(I + ab') with a = A;ll, b" =4?17; I +ab' is
stably associated with 1+ bTa = u?f;. Since diag(1,y,...,y™) and u? are units of A,, F},
is stably associated with fi # 0, hence full, and stable association preserves atoms [Coh06,
Cor. 0.5.5, Thm 3.2.3 and p. 195].

(c) If an atomic factor were stably associated with u, then at any matrix point X where u(X)
is singular, that factor, and hence Fi(X), would be singular (evaluate the stable association
and the factorization). Take n = m + 1, u — U = diag(0,1,...,1), w— [ and y — Y
the cyclic permutation matrix, so that the evaluations of u? and of y‘u?y~" are I — eieiT

(i =0,...,m). A vector v in the kernel of Hy gives, with s = (I — epel) Y. v, vy = —s,
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v, = —s+ cie; with s L eq,...,en and (m + 2)s = > ¢ie;; since eg, ..., e, is a basis,
s =0,s0 > cieg =0, ¢, =0and v =0 (no division is needed). So F} is invertible
at a point where u is singular. For w a scalar point suffices: at v = y = 1, w = 0,
b, = H = diag(O, 1,...,1) + Jx_1, and subtracting its first row from the others leaves the
rows eI,..., €y SO detFk =1.

(d) Let F = G1--- G be a complete factorization over P. Over a weakly finite ring a product
of square matrices is invertible only if every factor is: if XY is invertible, X has the right
inverse Y (XY)™!, so X is invertible, and then so is Y. By (b), Fj is not invertible over A,
so some G, is not. If another G;; were not invertible over A, say i1 > ig, then Fj = XY
with X = G1---Gi, and Y = Gjy41 - - - G, full and both non-invertible over A, against (b).
So each Gy, i # io, is invertible over Ay = Uy ). By Lemma 3.1 with X = {u,y,w}
(atoms of P, being of degree one), it is stably associated with u, y or w, and by (c¢) with
y. On the other hand, G;, is not stably associated with y, since it would then be invertible
over A, (converse part of Lemma 3.1). On the arc, det y7 = 1 —¢*! (as in Lemma 7.8(b)),
so y™, and by stable association every G]* with ¢ # ig, is invertible over C[[t]]. Hence
Vi1 (GYF) = vep1(F]"). Each y'uy™ evaluates to t"*'1 (Lemma 4.1: w? — "] is
central), so F* = t"1((Iy_1 + Jy_1) ® I5) diag(Y"?) with det(I + J) = k # 0, and all
2(k — 1) parts equal kK + 1. O

Lemma 7.9(d) is the input that Theorem 3.4 needs when the obstruction is applied to one atomic
factor G = G}, of H = Fj, (the case u = v; with a proper atomic factor of Theorem 3.4).

Proof of Theorem 7.3. Each summand of f, is the inverse of the square of w or of a binomial
yluy™t = 1+ ya:y i, so fr € DFF ﬂ}"g, and fr # 0 (Lemma 79( )). Suppose fk eI
Woodbury gives Fj ' = diag(y°) (A, — ! Ay llfk llTAk ) with Ak over F1, so Fk has entries
inl},_,= =Uy, | (Lemma 3.6 for a = k — 2). Given Q € X}._,, choose k > e(Q); then v, 11(Q7) <
2(k —2) (Lemma 7.7, Lemma 4.4), while v,41(G}") = 2(k — 1) (Lemma 7.9(d)). Theorem 3.4, with
G = Gy, H = F}, and pg = ve41 along 7., gives a contradiction. [

Corollary 7.10. (a) For every d > 2 andr > 1, Ag_1 NU, C AgNU,; a witness is eq = qgl
with gg = w™ + Z? Olylu_ly i and eq € (AgNUy) \ Ag_1. The range r > 1 is optimal, since
AgNUy = E; for every d. (b) The bound of Lemma 7.4 is optimal: for n > 3 there is a sum f
of n pure elements with f~1 ¢ I, . (c) Let Dy be the ring D, of Lemma 7.5, reached when the
inversion pointer reaches byxx (it does, §7.7). Then Uy = D3 C Dy C D5 C -+ and | J, Dy, = Us.

Proof. (a) Let d > 2, A = diag(w,yuy™!,... ,yd_luy_(d_l)), H = A+uJ; and L =
H diag(1,y,...,y% ") € My(P), whose entries are uy +6y u (w in place of y%u for the first index).
This is the construction of §7.6 with u,w in place of u?, w?, and Lemma 7.9(a)—(c) and the first
part of (d) hold for ¢4 and L with the same proofs. In (a ) wqg = 1 +wT with T = E‘j Olylufly*l
has components in degrees 0 and 1 only, so one of two factors has width 0, hence is a unit, and the
argument with squares is not needed. In (b), 1 +ulT A1 = ugy. In (c), with n = d, the matrix U
is idempotent, so u and u? have the same evaluation, and the two points give the same matrices as
there. Each summand of gg is an inverse binomial (w=! = (1 + 2)7!, y'u=ly~™" = (1 + ylay~ )1,
s0 qq € Vi, qa # 0 by (a), and eq € Uy C U,. Woodbury gives eq = u — ulTH '1u € Ay, since
H is a full d x d matrix over A. If g € Ayg_1, then H™! = A7 — A~11¢,1TA™L, with A™1 over
By = Ay, and L' = diag(y ®)H ™! have entries in Aq_;. Every entry of L vanishes at y, and
the atomic factors of L other than the exceptional one, G, are stably associated with y, which
is invertible at x; so corank GX = d, while the matrices of fo*l) have corank at most d — 1 at

X (Remark 7.11(i)). Theorem 3.4, with G, H = L and p the corank at y, gives a contradiction.
Flnally AgNUy = AgN Ey = Eq, since By = Ay C Ag. (b) s for n = 3 (Theorem 5.1, I} = U;) and
fn for n > 4 (Theorem 7.3). (c) Expanding the coefficients into monomials, a term of an element
of Fo with two inverse binomials is moﬁl_lmlé;lmg = (E'l_lmoml)(ﬁg_lmQ) with ¢} = moélmal, a
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product of two elements of Dy (Lemma 2.2(2)); terms with fewer inverses lie in V3 C D,. With
D, C F, this gives Fp = |J,, D;". By Lemma 7.5, Dy, C Dy1 and Dy, C Us, and |J,, Dy contains
Ej and the inverse of every nonzero element of F», so it is Us. Finally s € Dt 3 gives sleDy \ Ds
(Theorem 5.1), and for k > 4, fi € Df¥ gives f, ' € Dyy1 \ Dy, since Dy C T, _, (Lemma 7.5 and
Theorem 7.3). O

Part (a) refines Theorem 6.1 in another direction: its witnesses lie in Uy, while pg ¢ Uy, (Theorem
6.1, since Uso = W1 C Wy_1). Inside Us the witnesses s~ (d =2, by s7! = v2 — 02(H61)11v2 € Ay
of §5.1) and fgljrl1 (d >3, by fd;ll =u? — u21TlEfd_+111u2 € Ay) give more: s—! ¢ Uy and j‘"djrl1 ¢1
(Theorems 5.1, 7.3), which e4 € Uy C T'} cannot give.

Remark 7.11 (matrix size and number of binomial inverses). Let sz(e) be the least b
with e € Ap.

(i) For the chain Aj alone the character y suffices. By §6.2, A, = UZ(A;,) with Eff) =Y U

{é : G full over A of size a < b}, G the polynomial lift with pivots xj, and corank GX =
corank GX < a since x?‘ = —1; also corank Q¥ < 1. Every entry of Fj vanishes at y
(uX = wX = 0), and the atomic factors of Fj other than G}, are stably associated with y,
which is invertible at x (Lemma 7.9(d)); so corank G} =k — 1. For k > 4, if fk_1 € Ap_o,
then F,;l € M(Ak_2) by Woodbury (as in §7.6, with A,;l over F1 = Aj), and Theorem
3.4 with g the corank at x gives a contradiction. Likewise HY = 0, with Hy an atom
(Lemma 5.7(1)), gives s~! ¢ Aj, and Hy,, = 0, with H3 o, an atom, gives gl ¢ Al So
the exclusions fk_1 ¢ A9, s 1 ¢ Ay and g ! ¢ Ay do not need the arc either; the proof of
Corollary 7.10(a) uses this argument.

(ii) Let bin(e) be the least r with e € U,, for e € U, (and bin(e) = oo otherwise). By (i), §5.1
and Woodbury: sz(s™1) = sz(g; ') = 2, sz(f;, ') = k—1 (k > 4), sz(eq) = d with bin(eq) = 1
(d > 2, Corollary 7.10(a)), sz(pg) = d (d > 2) and sz(p, 1) = 5 for every r > 3 (Remark
8.2). The two complexities are independent: ¢ ! € U, \ U,_1 has size 5 for every r > 3,
while e; € Uy \ Up has size d and fk_1 € Uy \ U has size k — 1: neither of sz, bin is bounded
in terms of the other, and the size is unbounded already for bin = 1.

(ili) For n > 2 and dy,...,d, € A\ O with f =3, d; ' #0, f~' € A,_1: the compression of
Lemma 7.4 with » = 0 is a matrix over A. The size n — 1 is attained for every n > 3 already
by a sum of n inverse binomials, g,—1 (Corollary 7.10(a)), and also by s for n = 3 and by
fn for n > 4, although f itself lies in A = Fy. For n = 2, f=! = da(dy + d2)~'d; is the
parallel sum of Anderson and Duffin [AD69]; we did not find the compression for general n,
or its optimality, stated. When the d; are non-units, pairwise totally coprime and contained
in a proper ideal ¢ with A/c weakly finite, f has depth n [Coh06, Prop. 7.7.8] (without the
ideal this fails: (z+1)"'—(z+2)"! = ((x+1)(z+2))"!), a statement about f rather than
about the size of the matrices needed for f~.

7.7. Proof of Theorem 7.1. Let D, be as in Lemma 7.5. For k =3: s € D;{?’ and s 1 ¢U; =D,
(Theorem 5.1). For k > 4: fy € D}* and f; ' ¢ I',_, 2 D, (Theorem 7.3); for k = 4 also 1) € D}*
and ¢! ¢ T, (Theorem 7.2). In each case the witness lies in no stratum born before byx x, since
its inverse would then be in D,; so its complexity is cp = bpx x, D;;XX Z D,, and the Case 3 at
which the pointer reaches by x x selects it. That Case 3 exists: otherwise every Case 3 would select
an earlier stratum, and the union of the series, which is D [Jak19, Def. 1.1.4], would lie in I'} _,,
against f, ' ¢ I, _, (or s=1 ¢ Uy). The ring reached after the step, D, [(DF*\ 0)71], still lies in E»,
since D}F C By, O

Remark 7.12 (dependencies of Theorem 7.1). The theorem rests on: the reading of [Jak19,
Defs. 1.1.4-1.1.5] in §2.3 and Lemma 2.2, including the order of the index monoid; Lemmas 7.4
and 7.5; Theorems 5.1 and 7.3 (Theorem 7.2 only for the second witness ¢), and through them the
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criterion (Theorem 3.4), the localization lemma (Lemma 3.1), the binomials on the arc (Lemma
4.3), the chain bound (Lemma 4.4), the bound 2a (Lemma 7.7) and the atom criteria (Lemma 2.1,
Lemma 7.9). Like the series, it is relative to M = C*F3 [Jak19, Rem. 1.1.6]. It does not decide
whether the intermediate strata (k — 1)[r] + 2 with  # 0, k > 4, are stopping steps; for k = 3 they
are not (Remark 8.3).

Figure 5 places these stopping steps in the order of the strata and shows the margin behind each
of them.

(a) ’ stopping step bixx = k7] (proved, all k> 3) (k—D)[x] +x, x#0, k>4: not decided
| 2[z] + x: no stopping step (Rem 8.3)
o, m, 2[x], ... baxx byxx bsxx boxx brxx bsxx boxx bioxx  buxx  buxx

11 >
HHOH OO HHPH OO+ +HP >

T = < - R =

in U = = < < < < < < < <

= = = = = = = = = =

order of strata in [Jak19, Def. 1.1.4]; every ring reached up to the steps shown lies in U2 (Cor 7.10(c))

(b) margin +2 at every k (c) MeatAxe mod 65521 (not used in the proofs)
—— target (text): 4; 2(k— 1) -—= 4k-5 *
s 4
bound (text): 2; 2(k—2) 40 ’ large composition factor e
A computed v 1 of Ho, Fi (k=6) //,
computed, max over sample denominators 5 e
o 7 g 357 -
= “; R
- en /
3] ,
g 16 o = 30 1 s
3] o -
E = Pd
= 124 S 254 .
S = i
- =} ’
S 8+ o 20 /
E *
=] , ,’
4 15 1 »
//,
0 10 T ‘
T T T T T T T T T T T T T T T T T T T
3 4 5 6 7 8 9 100 11 12 3 4 5 6 7 8 9 0 11 12
stratum & (byxx) stratum k

Figure 5. The Dubrovin-Gréter—Hanke series inside Ey. (a) Order of the strata [Jak19, Def. 1.1.4]: every
bixx = k[r], k > 3, is a stopping step (Theorem 7.1); the strata 2[r] + = are not stopping steps, and the
strata (k — 1)[r] + = with  # 0, k > 4, are not decided (Remark 8.3). (b) The margin behind each step:
the target (Hp for k = 3; Fj, for k > 4, with the count of its atomic factor G) has 2(k — 1) Smith parts
at level k + 1 and every allowed denominator at most 2(k — 2). Lines: values proved in the text; markers:
exact computations with k = 6, the lower marker being the maximum over sample denominators. (c) For
comparison only: the size of the large composition factor of the linear pencil of Fy, computed with MeatAxe

modulo 65521, is 4k — 5; this is not used in the proofs, and absolute irreducibility was confirmed only for
k=06 and 12.

8. REMARKS AND OPEN PROBLEMS

Question. What is left: are the two parameters, number of binomials and matrix size, indepen-
dent; what happens in characteristic p; which later strata are stopping steps?
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Remark 8.1 (characteristic p). Over a field of characteristic p, (1 + 2)? =1+ 2P, so u™? =
uP~2(1 + 2P)~! € V4, since 1 + 2P is a binomial. Hence s € Vi and s~! € Fy[V;!]: the witness
of Theorem 5.1 fails in characteristic p. Whether U; C Us holds in characteristic p is not studied
here. For this witness the first step that breaks is Lemma 4.3(2): the binomial 1+ 2P = (1 + z)?
is exceptional but 1 + X? has a multiple root, so its parts on the arc exceed k (indeed UP =
t*+DE=1/2 for odd p) and the chain bound of Lemma 4.4 is lost. Characteristic 0, or the field
C, is used at least at the following places:

e Lemma 4.2(2): det ? é
e Lemma 4.3(2) (simple roots of 1—FX") and Lemma 4.3(3) (the factors [ [ n; and [[(ji+1—17i)
of the trace law; in characteristic 2 the exact arc also identifies u and w);
Lemma 5.6: the differences i; — 141 = £1, £2;
Lemma 5.7(1): gj; = +1/n and det K = n; Lemma 5.7(2): ¢,(1) = 5;
Lemma 4.5: real quaternions at ¢t = 2 and /—1;
Lemma 6.2(c): the distinct eigenvalues 3,...,d + 2 and the Neumann series;
Lemma 7.8: det Q(2,2,2) = 256, the factor 16, (7.1), (7.2) and det(I3 + J3) = 4;
Lemma 7.9(d): det(Ix—1 + Jx—1) = k, for all parts to equal x + 1 (if p | k, two parts are
infinite and the count v,41 = 2(k — 1) survives, since v; counts infinite parts; what is lost
in characteristic p is the bound on the allowed denominators, Lemmas 4.3-4.4).

= 3 (the consequence v = 4 survives by Lemma 4.2(1));

By contrast, Lemma 3.1 holds over any field by its algebraic proof (§3.1), and the proofs of
Lemma 7.9(a)—(c) and of the first part of (d) (exactly one atomic factor of Fj not stably associated
with y) use no division by an integer and no property of C, the free group algebra A, having trivial
units over any field. Computations modulo p =2,3,5,7,11 for k = 4,5, 6 agree; they are not used,
and the tool that produced them miscounts the one-dimensional factors. The same holds for the
proof of Corollary 7.10(a), whose other inputs are Theorem 3.4 and the presentation of A in §6.2;
we have not restated §§2-3 over a general field.

Remark 8.2 (two parameters). The hierarchy U/, (number of inverse binomials) and the
rings I'y, = U [entries of inverses of full a x a matrices over A, a < b] (matrix size) are not nested:
Y™t € Uy \ T3 and pa € Ty \ Uso, and more generally, for all r,b > 2, U, is incomparable with
Iy, Ty and A, N By (f;.} € Us \ T}, by Theorem 7.3, and py € (A2 N Ey) \ Use by Theorem 6.1,
with 4, C T, C T); while st € (Uy NT2) \ Uy by the identity s~ = v? — T)Z(HO_I)H’U2 of §5.1.
In the plane of the rings U, N T} (§2.4) the rows r > 2 are strict (with I'y as well, by the same
witnesses). Note T} = U;. For every r > 2, s7! € (U, NT%) \ T} (Theorem 5.1). For b > 2 and
r> 2, fb_+12 € (U NT}, ;)\ T} by Theorem 7.3, because f,o € F2 and fbjrlQ =u? — u21THb_+121 u?
with Hpo a full (b4 1) x (b+ 1) matrix over A. So U, NT} C U, NT% C ---, with union U,, since
U, T, 2 Uy A = D [Mal84a, Thm 3]. The row r = 1 is constant, since I} = Uy; the chain Ay N,
which is strict (Corollary 7.10(a)), is not visible in this plane, since every I'} contains ;. In the
columns (b fixed) the inclusions are as follows. Since U; C I‘g, U, NTY) = Uy for every r > 1, and
Uy NT, = By C U = U NTY for every b (Theorem 5.2, r = 1). For b > 2, s~! separates r = 1
from r = 2, and g, ! € (Ua NT2) \ U, for every r > 1 by Corollary 5.3 and the identity of §5.1
for H32,; so no column b > 2 is eventually constant. For r > 3 let d, = {;,---{;1 € P, so that
Oor =y ard-tw,, and let T = {0,1,3,4}, Dy = diag(d,)rer, wr the column of the w, and ar
the row of the a;, 7 € T. Since we = 1 and as = w (§5.3), the matrix

M, = <DT _“’Td2> € M;(P)
T w

has Schur complement w + ZTGT aTd;ledQ = @rdy with respect to Dp, so it is full and 90;1 =
do(M,;1)s5 € As. Pivoting on w instead leaves S, = Dr + wrdew tar € My(Vy), which is full,
and p, ! = dow™! — dyw tarS, twrdew™! € T'). By Theorem 5.2, ¢, ! € (U, NT) \U,_1, so every
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column b > 4 is strict at every step (and every column b > 5 with I'y in place of I'}). Whether
U1 NT, CU. NT} for r > 3 and b € {2,3} is open.

The same witnesses separate sizes inside FEo. Up to permutations of rows and columns, M, is the
Schur complement in @, of the square block on the rows and columns of the 5(r — 1) entries —1
of the chains and of the entry wy = 1; that block is triangular with diagonal £1, hence invertible
over P, so M, is stably associated with @, and is an atom (Lemma 5.7(2)). Every entry of M, is

a product involving a letter, so MY = 0 and corank MX = 5. Now I'y = Uy, with ¥ = ¥; U Ef)
(Lemma 3.5, §6.2), and if ¢! € Ty then M,~' € M5(T4) (block inverse with respect to Dy, whose
inverse is over Fy). Apply Theorem 3.4 with target M, and ug depending on Q: for Qg, z; and the

lifts in Eff), the corank at x, at most 4 (the pivots z; evaluate to —1) against 5; for the borders of
Uy, V_1)k+1 o0 Y, with k& > max(e(Q),r), at most 2 (Lemma 4.4) against at least 3 (Lemma 5.6;
stable association preserves Smith profiles). Hence ¢, 1 € (A5NTY)\ Ty for r > 3, and in particular
o1 ¢ Ay So Ty C T by elements of inversion height two. Figure 6 shows the plane for r,b < 5
and places the witnesses by exact matrix size and number of binomial inverses (Remark 7.11).

Remark 8.3 (later strata). Theorem 7.1 settles the steps by xx = k[r]. The band between 2[r]
and 3[n] contains no stopping step: an element of a stratum 2[x] +x is dy ' +d, ' +r with r € V; (or
has fewer pure summands), and if a Case 3 selected that stratum, the current ring would already
contain V1_1 (as D, = V4 is an earlier stratum) and hence (dl_l—i—d;l—i—r)*l = do(dyrdy+di+dg)~tdy
(Lemma 7.4). With one pure summand, (d;* +7)~" = (1+dyr)~'d; with 14+dyr € V4, so 7 and the
strata [7] + x are not stopping steps either. The strata (k — 1)[n] + = with x # 0 and k& > 4 are not
decided, nor any step involving ordinals born after 7 (products of three or more binomial inverses,
or the inverses adjoined at the stopping steps themselves); nor do we decide which strata before 7
(sums of n > 3 monomials, sums of elements of D,;1) are stopping steps. On the free algebra P
the harmonic matrices need not be atoms. For a related family, not used here (axes u?,v?, w? and
conjugates by single letters with pairwise distinct signed outer letters), we certified atomicity for
k <9 by computation. The k = 10 extensions we tested use a conjugator of length two that repeats
an outer letter; exactly over Q, their linear pencils have a one-dimensional composition factor of
letter type, and so do the targets fi of §7.6 already for k = 4,5. Theorem 3.4, applied to one atomic
factor, makes such factors harmless, because letters evaluate to units on the arc.

Remark 8.4 (strictness of the size chain in general). Theorem 6.1 is specific to A = C[F3]
and uses the quaternion curve. In general, let R be a fully atomic semifir (for instance a fir) with
universal field D, and R, C D the subring generated by R and the entries of the inverses of full
matrices of order < b. Then R,_1 C R, exactly when some b X b atom is not stably associated
with a matrix of smaller size. The direction “<” is Lemma 3.1, since the atomic factors of a full
n X n matrix are square of order < n [Coh06, Thms 3.2.3, 3.2.7]. Conversely, a full b x b matrix is
a product of b x b matrices each stably associated with an atom of order < b (R is fully atomic);
if every b x b atom is stably associated with a matrix of smaller size, each factor has the entries
of its inverse in Ry 1 (stable association does not change this: converse part of Lemma 3.1), so
Ry, = Rp_1. A matrix with all its entries in a proper ideal a with R/a weakly finite is not stably
associated with a matrix of smaller size [Coh85a, Lemma 3.4.11(i)], [Coh06, Lemma 3.3.11(i)]. This
gives a second proof that the chain is strict at every b in C(x,y, z); the first follows from [HS15,
Thm 4.5] (§1). There P, = zI + ydiag(1,...,b) + 2Cp is an atom: after x — x + 1 it is a monic
pencil with invertible constant term whose coefficients generate M;(C) (diag(1,...,b) has distinct
eigenvalues and C;, permutes its eigenlines cyclically, as in the proof of Lemma 6.2(c)), so Lemma
2.1 applies. All its entries lie in (z,y,2). In an Ore domain, by contrast, Ry = D. When R/a is a
field this criterion is the analogue over R of Theorem 3.4 with u the corank at R — R/a. It does not
locate witnesses inside Fo; Theorem 6.1 does. The characterization by atoms is a short corollary of
published lemmas.
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(b) node (r,b)=1;nN l",;; arrows point to the larger ring

-1

(a) height = number of strict inclusions = fi! f: f
proved from (7, 1) to (r,b) in row r 51 O—=> 00— 00— 0 — 0

bttt

11 0Q=—Q=—Q=—0—0

T T T T T
1 2 3 4 5

bTy: T =17)

strict, prove em 8.2; ms 5.1, 5.2, 7.3 W= equal, proved; blue nodes =7 -+ open
- sui d (Rem 8.2; Thms 5.1, 5.2, 7.3) al. d; bl d 1%

(c) witnesses by exact matrix size and number of binomial inverses: all at height 2;

the rows r=1 (eq), r=2 (f[l) and the column sz =5 (zﬂ,.’l) show the two are independent
. eq=q;", sz =d(Cor 7.10(a))
s~ (Thm 5.1)
fi'sz =k—1(Thm 7.3, Rem 7.11)
¢;' sz =5 (Thm 5.2, Rem 8.2
pd &V, sz =d (Thm 6.1)

Mz
*"%’-.;I‘Elﬂﬂl

il

inversion height

Figure 6. The two-parameter plane of Remark 8.2; node (r,b) is the ring ¢, NT'}. (a) Height: the number of
strict inclusions proved along row r, starting from b = 1. (b) Status of each step for r,b < 5: rows r > 2 are
strict (witnesses s~! and fb_+12) and row r = 1 is constant; column b = 1 is constant and the step r =1 — 2
is strict for b > 2 (witness s~1); the column steps 7 — 1 — r with r > 3 are open for b € {2, 3} (individually;
in each such column one of the steps 2 — 3, 3 — 4 is strict, since gQ_1 € (UyNT3) \ Us) and strict for b > 4
(witness ¢;-1). The plane starts at r = 1; the step from Uy = F; to U is strict in every column. Blue nodes
are rings equal to U;. (c) Each witness placed by its exact matrix size sz (Remark 7.11) and by the least r
with the witness in U,.; all have inversion height 2. The rows r = 1 (eq, size d, Corollary 7.10(a)) and r = 2
(fo ', size k—1) and the column of size 5 (¢, !, every 7 > 3) show that the two complexities are independent;
pa lies outside Us,. The witnesses g} are not drawn: their least level is only known to lie between m + 1

and 2m.

Remark 8.5 (independent adjunctions in [Us, Bz]). For A € T = C\ {-1,0,1,2} let
PN = (FO)Y1)y = (gn — Cq;ilc)_l, and for J C T let Uy be the subring generated by Us, and
{po‘) : A€ J}. Then Uy, € Uy C Bg, and J — Uy is an order embedding P(T) — [Uso, Bal:
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Uy C Uk if and only if J C K. It preserves finite joins. Restricted to J C {3,4,5,...} it gives 2%
distinct rings generated over Uy, by elements with integer coefficients; on all of T it gives 2°. 7T is
the set where the atom criterion of Lemma 6.2(c) applies; it is sufficient, not maximal. Intersections
Ur NUK are not determined.

Proof. pN) € By because F® is a full 2 x 2 matrix over A, whose inverse has entries in Fy (pivot
argument of §7.5) and in Wsy. J C K givesU; C Uk, and Uy i is generated by Uy UU , by definition;
so it suffices to show p()‘,) ceU; = N e J. Since q;il € F1, the entries of (F(’\))_1 lie in the ring
generated by F; and p™ (block inverse, as in (6.2)); hence Uy = Us, with & = SO U{FWN : X € J},
and p*) e Uy gives (FWN))~1 € My(Us). By Lemma 3.1 the atom F) (Lemma 6.2(c)) is stably
associated with an atomic factor of some Q € X. It is not a factor of a member of (M): at ©
every such @ has corank at most 2 (Lemma 6.2(a)), hence so do its atomic factors (Definition 3.3,
Example (b)), while F\) has corank 4 (Lemma 6.2(b)). So F(") is stably associated with F) for
some A € J (an atom, so its only atomic factor). Stable association over P survives abelianization,
and the units of the commutative polynomial ring are the scalars, so det FO) = qdet FO for some
a€C*. At (£,1,¢) = (£0,1),c=0and det FM = (A=) A +1-€2),s0 N =X e J. O

Remark 8.6 (intermediate rings and classes of atoms). The proof of Lemma 3.1 shows
that, when H~! has entries in Us;,, the cokernel of every atomic factor of H is a composition
factor, in the category of torsion modules, of the cokernel of a matrix built from 3 (Claims A and
B). That universal localizations of a hereditary ring correspond to classes of modules is known in
general: Schofield gives a bijection between universal localizations and well-placed subcategories
of finitely presented modules, and between the localizations into which the ring embeds and Hom-
perpendicular sets of finitely presented bound modules [Sch07, Thms 2.3, 2.5|; Krause and Stovitek
give, for a hereditary ring, a bijection between extension-closed abelian subcategories of finitely
presented modules and universal localizations [KS10, Thm BJ; and for a factor-complete set ¥ over
a fir, Cohn shows that every matrix atom either becomes a unit or remains an atom in Ry, and
describes the divisor group of Ry, by the ¥-relevant primes [Coh06, Thm 7.11.9, Prop. 7.11.10, Thm
7.11.11]. The rings P and A are firs, hence hereditary. We do not claim this correspondence; Lemma
3.1 uses only the instance above. Describing the intermediate rings of this paper (U, Ay N Es, T',
D’) by the classes of atoms they invert is a programme, not a result of this paper.

8.7. What is open.

1. A uniform atom criterion. For five-chain borders the condition R1 A R2* (no chain whose
boundary coefficient equals its boundary letter; no two chains with the same last letter and
the same w;, or the same first letter and the same ;) is necessary for atomicity (a violation
gives a nonzero vector in some ICZR or ICZ-L , and the converse after Claim 3 in the proof of
Lemma 5.7 splits off a letter). Sufficiency is a conjecture: all 317 random designs satisfying
it are atoms, and none of the 140 violating it is. The proof of Lemma 5.7(2) gives sufficiency
only under the degree hypothesis (exactly one constant w;).

2. The column stepsr — 1 — r, r > 3, b € {2,3}, of the two-parameter plane (Remark 8.2),

the later strata (Remark 8.3), the separation Uy C Us in characteristic p (Remark 8.1).

8.8. Further related work. This section collects the comparison with the literature in more detail
than the introduction.

Where the stages come from. For a torsion-free group G satisfying the strong Atiyah conjecture,
the L2-Betti numbers of matrices over Q[G] are ranks over Linnell’s division ring, the division
closure of C[G] in the algebra U(G) of affiliated operators; for free groups the conjecture holds
[Lin93]. When G is locally indicable (free groups are) and C[G] has a universal epic division ring,
that division ring is isomorphic to the division closure [JZLA19, Cor. 8.2|; for a free group it is
Cohn’s free field. So the stages Fy C Ey C --- studied here are the stages of the rational closure
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inside the division ring that carries the L2-invariants of F3. Our results describe that structure;
they say nothing new about the Atiyah conjecture.

Stages, depth and rank. Reutenauer [Reu96| and Herbera—Sanchez [HS15] separate the whole
stages E(n) C E(n+1). They invert every nonzero element, and [HS15, §§7-8| contains no subrings
inside E(2). Cohn’s depth [Coh06, §7.7] and the rank of Cohn—Reutenauer are numerical invariants
of elements, with height < depth < rank [Reu96, p. 95|. F; already contains elements of arbitrary
depth [Coh06, Prop. 7.7.8], so depth does not separate the rings U,. Over a fully atomic semifir
the depth does not increase under specialization to an epic field, for elements in its minimal domain
[Coh06, Thm 7.7.5]; this comparison of an element with its image at an evaluation is the closest
technique we found to ours, which compares one atomic factor with the allowed denominators at
the same evaluation. Counting inverses without restricting what is inverted collapses: (z1---2y,)"!
yields every xj_l with one inversion [HW15, Lemma 5.1].

The rings Ap are the images in D of the one-step localizations of A at all full b x b matrices.
Malcolmson [Mal84a, Thm 3] proved, for any semifir, that these localizations are semifirs, that
Ap — Apiq is an embedding and that the union is the universal field of fractions, building on
Gerasimov [Ger82, Cor. 1-2|, whose Cor. 2 answers a question of Bergman [Ber74, p. 72]; see
[Coh85a, §7.11]. Malcolmson also showed that the bound in the n-fir property of these localizations
is sharp [Mal84b, Cor. B]. That is a separation of the property, not of the rings. In a free algebra
on at least two generators the chain Ay is strict at every step: an entry of the inverse of a full
(b—1) x (b—1) matrix has inversion height at most b—1 (Gaussian elimination), while [HS15, Thm
4.5] gives b x b polynomial matrices whose inverses have entries of height exactly b (for infinitely
many generators already [Reu96, Thm 2.1|). Over the free group algebra [HS15, Thm 4.6] gives
the b x b matrices My, = (2i1jb)o<ij<b, % = zlyz~?, all of whose inverse entries have height b — 1
relative to A; these witnesses lie outside Es for b > 4 (for b = 3 the height is 2). Since zp = y
is a unit, one pivot gives My ~ 1@ S with S a full (b — 1) x (b — 1) matrix over A and S~! a
block of Mb_l; as A, C E, (Gaussian elimination), every step Ap_o C Ap_1 is strict. The entries
Zivjb — 2i%y “2jp of S are units of A times binomials, so a second pivot leaves a full (b—2) x (b— 2)
matrix over V; whose inverse has entries of height b — 1. For b = 3 this gives Fy C U; (the case
r = 1 of Theorem 5.2), and in general I'), Z E, (in particular I';, € E5 for b > 2). Since I', C E,
for a > 2 (U; C Ey and A, C E,), this gives T, C I/, for every a > 2, by an element of height
a + 1 (Remark 8.2 gives I'y C I} by elements of height two), while I/, C E,41 by elimination
over V) C Ej. These consequences of [HS15| are elementary; we did not find them stated. To our
knowledge, the strictness of Ag_1 N Ey C Ay N Ey for d > 3 (for d = 2 it follows from the case
b = 3 above), its refinement inside ¢/ (Corollary 7.10) and the rings U, have not been studied. For
the iterated localization with fixed size see |[Coh85a, Ex. 7.10.3] (Schofield), and for its cofinality
[Coh06, Ex. 7.11.3]. For the same reason depth does not separate the chain Ay: a;' +--- + a;*
has depth n under mild conditions [Coh85a, Prop. 7.7|, [Coh85b| and lies in A;. Remark 8.4 gives
a second proof of the strictness in a free algebra, from Lemma 3.1 and a lemma of Cohn; Theorem
6.1 gives witnesses inside Es.

The correspondence between universal localizations and classes of modules, or of atoms, is known
[KS10, Thm BJ, [Sch07, Thm 2.5], [Coh06, Thm 7.11.9, Prop. 7.11.10, Thm 7.11.11]; for an inde-
pendent set ¥ the necessary direction also follows from Malcolmson’s invertibility criterion [Coh85a,
Ex. 7.11.13]. We use only its first half, in the form of Lemma 3.1, and do not claim it (Remark
8.6).

Theorem 3.4 is then a short consequence of two further facts. Stable association is preserved
by every ring homomorphism [Coh06, §0.5|, and the dimension of the kernel of an evaluation,
dimker F/(X) = dim Hom(coker F, V), cannot increase when F is replaced by a factor. Shamovich
and Vol¢i¢ use these kernel dimensions to separate stable association classes of full matrices over
the free algebra [SV26, Lemma 3.2, Thm 3.4]. The corank at a representation is the nullity of the
Sylvester rank function it induces [Mal80], [Sch85, Ch. 7]. When the representation inverts every



40 CARLES MARIN

allowed denominator, the criterion reduces to the universal property of the localization: a matrix
that becomes invertible over Ry is full for every rank function pulled back from Ry [SP25, Lemma
2.13]. What we add is the case in which the allowed denominators are themselves singular at the
evaluation: it suffices that one atomic factor of H be more singular than each of them.

Our second invariant also comes from coranks. Truncating an arc P — M,,(C[[t]]) modulo #/
gives a representation ©; of dimension mj, and v; = corank I ©j — corank F'©i—1 (Definition 3.3);
summed over j it gives the t-order of det F7. Valuations of Dieudonné determinants over the free
field with coefficients in K (t) are computed by Hirai [Hirl9] and Oki [Oki23|. Ramani bounds
the degree over Q(t) along a one-parameter family of 2 x 2 evaluations to show that an inverse is
not rational [Ram26|. Cohn’s N-values [Coh06, §§7.10-7.11| record which atoms a factor-complete
localization inverts: the simple N-value of a matrix prime extends to the universal field [Coh06, Thm
7.10.2, Thm 7.10.6, pp. 494-496], and for a factor-complete ¥ over a fully atomic semifir the sum
of the Y-relevant ones shows that an atom not inverted by ¥ stays a non-unit in Ry [Coh06, Thm
7.11.9, p. 508]. Lemma 3.1 is the analogue for the subring Uy, of D, without factor-completeness;
what the invariants of Definition 3.3 add is a way to certify that an atom is absent. In the literature
we read we found no use of Smith profiles along an arc, nor of coranks of atoms at a representation
at which the allowed denominators are singular, to prove non-membership in an intermediate ring.
The freeness of the group generated by 1+ 2i, 1+ 2j,1 + 2k behind §4.2 is classical [LPS88]. The
atom criterion is Cohn’s [Coh06, Thm 5.8.8| in the form [HKV22, Rem. 2.6|.

APPENDIX A. FORMAL VERIFICATION AND COMPUTATIONS

A.1. The exact arc. The finite identities behind Sections 4.1 and 5 are formally verified in Lean
4 / Mathlib, module Formalizations.RingTheory.FreeField.ThreeAxes.ExactArc: zero-trace
2 x 2 matrices square to — det -I; the exact arc satisfies U? = tel and U? = t*+1] at ¢ = t*; the in-
terleaving identity ag(cby) - - (¢by) = ¢"(apby - - - by) for a central scalar ¢; the evaluation of Hy when
u? = v? = w? = ¢ I; the two-axes identity (a=! +b71)~! = b(a + b)"la; and the characteristic-
p identities of Remark 8.1. Module ThreeAxes.Inverseldentities formalizes the chain inverse
of §3.4, namely (C™1);, = El_lalﬁgl e 6(;1 over any division ring, and the Woodbury identity of
§5.1. Module ThreeAxes.ParabolicFamily formalizes the conjugate form Uj(t,e) = K'UgK ™"
of §4.1 (and recovers U? = tel from it), the parabolic family N; = K/ NK~J = tcjr; with
recp = (b — a)t and Nj2 = 0, the cyclic trace formula tr(Nj, --- Nj,) = t*],(jiq1 — 5i) for ev-
ery nonempty list of indices (the core of Lemma 4.3), the fact that a central square survives
conjugation, and det(l, + J,) = n + 1. Module ThreeAxes.ArrowMatrix gives, over any divi-

sion ring, an explicit two-sided inverse of < 1a§(d) cg) with corner —z~ !, z = >, ard-tw,. It

applies to s+, fk_1 and eg, and to ¢, ! before the compression of Remark 8.2 (a 6 x 6 arrow
matrix), each minus a corner of the inverse of an arrow matrix; the instances are not stated in
Lean. Module ThreeAxes.BinomialSizeFamily gives, over any division ring, the two-sided inverse
of diag(A) + wJ (rankOne_mul_inv, rankOneInv_mul, from the Woodbury identity of Mathlib),
¢ ' =u—ulTH 1w for ¢ = v~ + 3, A7 (inv_q_eq), and the polynomial entries of L in
Corollary 7.10(a) (conj_add_mul_pow); for every d > 1, det(diag(0,1,...,1) + J4) = 1 over any
commutative ring (det_scalar_point), and the invertibility of L at the idempotent point over a
field (idemBlock_isUnit). Since u and u? evaluate alike at these two points, the last two are also
the two evaluations in the proof of Lemma 7.9(c). The atomicity of ¢4 and f; and the corank
argument are not formalized. The compression matrix of Lemma 7.4, whose relevant Schur comple-
ment is dy fda # 0 (its corner Y may vanish), is covered by InverseIdentities (A.2), and its case
r = 0, used in Remark 7.11(iii), by ThreeAxes.PhiCompression (harmonic_compression_inv).
The same module gives, over any division ring, the compressions of Remark 8.2 for arbitrary data
dr, 0ry Wy, do, w: the explicit two-sided inverse of M, with ¢t = da(M, )55 (phi_inv_eq_corner)

1
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and the formula with S, (phi_inv_woodbury), and the identity mof='m; = (mofmg*)~"'mom; of
Corollary 7.10(c) (inv_mul_conj); the stable association of M, with @Q, and M = 0 are not for-
malized. Module ThreeAxes.QuaternionCurve gives the identities of §4.2 in the quaternion algebra
H[R] over a commutative ring: (ti)? = (tj)? = (tk)? = —t? and pairwise anticommutation; the 2 x 2
complex representation © is not formalized. The step Schur(By) = —f for several chains in direct
sum is not formalized. Not formalized either: the Smith calculus (Lemma 3.2), the localization
lemma, the full trace law of Lemma 4.3 (only the trace of products of the NNj), the atom proofs,
and the non-membership theorems themselves.

A.2. Weighted trinomials, the atom certificate and the quaternion residues. The identi-
ties I+ X;+0X;11 = N; and Nf = 0 of Remark 6.3, the commutator identity of Remark 6.4 and, for
d = 2 over an arbitrary ring, the fact that the block matrix in (6.2) is a right inverse of Fy provided
p2 and o are invertible, are formalized in Lean 4 / Mathlib, module Formalizations.RingTheory.
FreeField.ThreeAxes.WeightedTrinomials. The integer data of the atom certificate of Lemma
7.8(a) are formalized in ThreeAxes.AtomCertificate: Q(2,2,2)K; = 16Q;, det Q(2,2,2) = 256,
identity (7.1), and the two determinants (7.2), the latter through a triangular factorization certifi-
cate. The finite part of Lemma 4.5 is formalized in ThreeAxes.QuaternionResidues: over Z/5
the six residues have rank one, a product of two residues vanishes exactly for an inverse pair, and
products along reduced words are nonzero. The inverse identities over an arbitrary division ring
are formalized in ThreeAxes.InverseIdentities: the identities used in the proofs of Lemmas 7.4
and 7.6, and the cycle inverse (6.1)-(6.2) for every d > 2. The identities of these two lemmas
are the three-term and one-term inverses, the Woodbury corners of the harmonic matrix and the
Schur compression (the module also contains the intermediate inverse, the case n’ = 3 of Lemma
7.4 up to a permutation). Fullness in the free field is an assumption there, not a theorem. Module
ThreeAxes.ChainPencilConditions checks by decide, from integer certificates, the no-common-
kernel conditions behind Lemma 5.7(2) for Q)3 and (Q)4; ThreeAxes.SizeChainPencil formalizes the
linear algebra behind Lemma 6.2(c): D = diag(3,...,d+2) and the cyclic permutation C generate
My, and D and D — I — C? are invertible (the latter by Gershgorin’s theorem), with the analogue
for F(V): ThreeAxes.Criterion states Definition 3.3, proves Theorem 3.4 with the conclusion of
Lemma 3.1 (together with the complete factorization of @ and [Coh06, Cor. 0.5.5]) as a named
hypothesis, and proves Example (b) for a commutative field. Every result in the repository uses
only the standard axioms. Not formalized: the step from these data to “the pencil is an atom”
(Cohn’s criterion), the norm argument of Lemma 4.5, the corank or Smith obstructions, and the
theorems.

A.3. Computations. The Smith-profile and atom computations use exact rational or modular
arithmetic: truncated power series and Toeplitz rank counts for Smith profiles (two independent
implementations), and coefficient-algebra dimensions modulo two primes, with Python integers;
the inverse identities were also checked in floating point with random non-commuting matrices.
Since Lemmas 5.7 and 6.2(c) are proved in the text, the atom computations are corroboration.
The Lean files are in the public repository karlesmarin /formalizations. The supplement lists every
computation cited in the paper with the script that performs it and its saved output (28 entries),
with SHA-256 hashes, and contains a driver that re-runs the scripts and compares their output with
the saved one.

The Smith profiles of Section 7 use an independent counter over Fp[[t]]/t"; the identities (6.1),
(6.2) and Lemma 7.4 with n’ = 3 were also checked numerically with random non-commuting 3 x 3
matrices, with controls (wrong orientation, wrong sign) that fail as they should.

A.4. The companion site. This paper has a companion website, its blueprint, at https://
karlesmarin.github.io/blueprints/inversion-height-two/. It shows the paper as a whole
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— what it proves, how its results depend on each other, and what exactly has been checked — and

lets the

reader go from any statement to its proof, its dependencies and its checks. There one finds:

The statements. Every numbered statement of the paper, copied verbatim with its number
(10 theorems, 1 proposition, 21 lemmas, 2 corollaries, 1 definition and 12 remarks, in 8
sections), each with its proof, where it has one, a click away.

The dependencies. For each statement, what it uses and where it is used, as a list and as a
graph of the whole paper: one can follow a theorem down to the lemmas it rests on, or a
lemma up to what it serves.

The map. One page that places the main results, the tools they rest on (the branches of
mathematics they borrow from) and the fields they feed.

What was checked, and how. Besides the written proof, the site says for each statement
what else was checked: 18 of them have a part verified in Lean 4 (none of them in full),
linked by name (43 declarations) to the public repository karlesmarin/formalizations; 22
statements are corroborated by programs of the supplementary material, each named with
what it computes.

Labs. Next to Lemma 4.1, Lemma 4.5 and Theorem 5.1, a form runs the paper’s own
computations in the reader’s browser (Python, nothing to install) for values the reader
chooses, and shows the exact results.

Figures in motion. Figures 2, 3 and 4 are drawn live by the same computations: in 3D,
which one can turn, where the figure is three-dimensional, and with its parameter on a slider;
the lab’s checks run before drawing, and the static figure of the paper is one click away.
The paper itself. Its PDF, opened at the right page from every statement.

To read it, one can start from the map, or from a main theorem and follow its dependencies
down; the side panel lists the sections of the paper, and every statement has its own link. The site
is a reading aid, not a part of the proofs: the statements and proofs are those of this paper, whose
text prevails, and a formal or computational check is reported for exactly the part it covers. It is
generated from the source of this version of the paper; a later version gets its own site.
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